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SECTION I
AN INVESTIGATION OF STRONG-INTERACTION ABSORPTION IN KAONIC-ATOM
CASCADE CALCULATIONS
ABSTRACT
Computer program s fo r  sim ulating  th e  kaonic-atom  cascade p ro cess  
req u ire  th e  ra te s  fo r  s tro n g - in te ra c tio n  ab so rp tio n  as w ell as fo r  
rad ia tiv e  and Auger tra n s it io n s . Due to  d if f ic u ltie s  in  com puting 
th e  absorp tion  ra te s , i t  h as  been s tan d a rd  p ra c tic e  to  only 
approxim ately allow fo r  them. In th is  sec tio n  of th e  th e s is ,  th e  
e ffec ts  of th is  p rocedure  on th e  cascade r e s u l ts  a re  in v e s tig a te d . 
As th e  approxim ate m ethods used  h e re to fo re  a re  b ased  on 
p e rtu rb a tio n  theory , th is  approxim ation  is  in v e s tig a te d  f i r s t .  A 
method of computing th e  w id ths to  seco n d -o rd er in  th is  fram ew ork  
is  devised, b u t p e r tu rb a tio n  th eo ry  is  s t i l l  fo u n d  to  be 
inadequate. The b la ck -sp h e re  model is  more su ccess fu l, and by 
using ex trap o la tio n  to  o b ta in  th o se  w idths which th is  m odel does 
no t d irec tly  give, th e  ab so rp tio n  ra te s  fo r  a ll  s ta te s  ap p ea rin g  
in  th e  cascade ca lc u la tio n  a re  fed  in. On th e  way, th e  
experim entally -observed  re la tio n sh ip  betw een th e
stro n g -in te rac tio n  s h if t  and  th e  w idth  in  kaonic atom s is  
th eo re tic a lly  ju s tif ie d . The X -ray in te n s it ie s  from th e  cascade 
ca lcu la tion  are  found to  be neg lig ib ly  im proved by th e  
com prehensive tre a tm en t o f ab so rp tio n . I t  is  found th a t  com paring 
abso lu te  experim ental and th e o re tic a l in te n s it ie s  is  le ss  
successfu l th an  com paring re la t iv e  in te n s itie s . The co n c lu sio n  is  
drawn th a t  p rev io u sly  used  m ethods of d ea lin g  w ith  
s tro n g -in te rac tio n  ab so rp tio n  a re  su ff ic ie n tly  accu ra te .
CHAPTER ONE - INTRODUCTION TO KAONIC-ATOM CASCADE CALCULATION
In common w ith  o th e r  negativ e ly -ch arg ed  "ex trao rd in a ry "  
p a r tic le s  (muons, p ions, an tip ro to n s  and sigma hyperons), th e  K 
meson can be cap tu red  in to  o rb it  abou t an atom ic n u c leu s  to  form 
an "exotic" atom. This was p red ic ted  in  1947 by Fermi and  T e lle r 
[1] and was confirm ed fo r  kaons in  1967 [2]. The ex o tic  system  is  
bound m ainly by th e  Coulomb a ttra c tio n , b u t since th e  kaon is  a 
hadron , is  a lso  su b jec t to  th e  s tro n g  in te ra c tio n . The s tro n g  
in te ra c tio n  sh if ts  th e  b inding  energ ies o f th e  s ta te s ,  b u t more 
im portan tly , i t  is  ab so rp tiv e  and draw s th e  kaon in to  th e  nucleus 
to  d e s tru c tio n . In consequence of th is  ab so rp tio n , d e -e x c ita tio n  
X rays are  in creasin g ly  a tte n u a te d  as th e  kaon becomes more and 
more tig h tly  bound, u n ti l  a t  la s t  they  a re  ex tingu ished . The s tu d y  
o f th is  p rocess has in th e  p a s t been s tim u la ted  by  a hope, 
o rig in a lly  ra ise d  by Jones [3] and su b seq u en tly  em phasised  by 
W ilkinson [4,5], th a t  ab so rp tio n  could illu m in a te  th e  d is tr ib u tio n  
of m a tte r  in  th e  n u c lea r su rface . A nother gain  would be in c rea se d  
u n d erstan d in g  of th e  kaon-nucleon  s tro n g  p o ten tia l.
On f i r s t  cap tu re  abou t a nucleus, th e  kaon is  in  a s ta te  
correspond ing  to  p rin c ip le  quantum  num ber n « 60 -  100, and 
su b seq u en tly  cascades to  low er- n lev e ls . However, th e  p ro c e sse s  
by which cap tu re  occurs and by which d e -e x c ita tio n  to  low er lev e ls
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happens a re  complex and n o t easily  q u an tified . Reviews o f th e  
sub jec t have been w ritte n  by B ackenstoss [6], Burhop [7] and Kim 
[8]. To achieve an ac c u ra te  th e o re tic a l descrip tio n , tre a tm e n t o f 
th e  kaonic atom is  u su a lly  considered  only fo r  th o se  o rb its  
contained  w ith in  th e  e le c tro n ic  K shell. This lim it co rre sp o n d s  
to  n = 31.
S im ulating th e  d e -e x c ita tio n  cascade by com puter is  th e  main 
way to  s tu d y  th e  ex o tic  atom. D etails of th e  p rocedure  have  been  
com prehensively described  by T urner [9]. The ca lcu la tio n  re q u ire s  
the  eva lu a tio n  o f X -ray, A uger and s tro n g -ab so rp tio n  t r a n s i t io n  
ra te s  fo r  a ll s ta te s  invo lved  in  th e  cascade. The A uger and  
ra d ia tiv e  ra te s  have rece iv ed  much a tte n tio n  and a re  b e liev ed  to  
be su ff ic ie n tly  accu ra te  fo r  a ll  exo tic  atoms [10-15]. In 
p rinc ip le  th e  ab so rp tio n  r a te  is  a lso  accu ra te ly  o b ta in a b le  from  
num erical so lu tio n  of th e  Klein-Gordon eq u a tio n  w ith  th e  
s tro n g -in te ra c tio n  p o te n tia l  included. However, th e  cascade 
ca lcu la tion  is  in tr in s ic a lly  leng thy  and adm its only r e la t iv e ly  
fa s t  m ethods of com puting tra n s i t io n  ra te s . For th is  re a so n , an 
approxim ate form ula by West [16] which r e la te s  a ll  
s tro n g -ab so rp tio n  w idths belonging  to  th e  same va lu e  o f  n to  one 
experim entally-know n va lu e  h as  found u sefu l ap p lica tio n  in  cascade  
ca lcu la tio n s  [9,17]. O therw ise, s tro n g -in te ra c tio n  a b so rp tio n  h as  
been neg lected  a lto g e th e r  [10].
I t  is  no t c lea r w h eth er W est's form ula is  a d ap ted  to  th e  
case of kaonic atoms. I t  is  im p lic itly  founded on f i r s t - o r d e r  
p e rtu rb a tio n  th eo ry  and th e re fo re  depends fo r  i t s  su ccess  on 
w hether th e  system  is  am enable to  such a trea tm en t in  th e  f i r s t
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place. A lthough an im proved v e rs io n  of West's form ula [18] has 
been app lied  su ccessfu lly  to  p ion ic  atom s, th e  s tro n g  in te ra c tio n  
is  much s tro n g e r  fo r  kaons th a n  fo r  p ions and th is  ra ise s  th e  
p o ss ib ility  th a t  th e  kaonic-atom  system  may be to o  s tro n g ly  
p e r tu rb e d  fo r  p ro p er ap p lica tio n  of p e r tu rb a tio n  th eo ry .
The main ob jective of th is  in v e s tig a tio n  is  to  determ ine th e  
e ffec t on th e  accuracy of cascade ca lcu la tio n s  of only  allow ing 
approxim ately  fo r  th e  ab so rp tio n  w idth. To th is  end, th e  accuracy 
o f p e r tu rb a tio n  th eo ry  in  p red ic tin g  s tro n g -in te ra c tio n  tra n s it io n  
r a te s  is  f i r s t  in v estig a ted ; a conclusion  can th ereb y  be drawn as 
to  th e  v a lid ity  of West's form ula. The use of W est's form ula 
p resu p p o ses th a t  th e  cascade p rocess  p re fe re n tia lly  p o p u la tes  
c i r c u la r - o r b i t , s ta te s  [19-21]. This b e lie f  is  re f le c te d  in  th e  
p rac tic e  of in se rtin g  in to  cascade ca lcu la tio n s  only  w idths 
co rrespond ing  to  such s ta te s , even though  th e  v a lu es  of 
e l l ip t ic a l-o rb i t - s ta te  w idths may be large. This s tu d y  should  
t e s t  th e  v a lid ity  of th is  p rac tice .
The s tu d y  of th e  aims occupies th re e  ch ap te rs  a lto g e th e r. 
C h ap te r 2 con ta ins th e  in v e s tig a tio n  of p e r tu rb a tio n  th e o ry  fo r  
d if fe re n t s e ts  of param eters in  th e  o p tica l p o te n tia l re p re se n tin g  
th e  s tro n g  in te ra c tio n . P e r tu rb a tio n  th eo ry  proves in ad eq u a te , 
and inconsequence, an o th e r m ethod fo r  ca lcu la tin g  w id ths, th e  
b lack -sp h e re  model, is  p re sen te d  in  C hap ter 3. F inally , cascade 
c a lcu la tio n s  fo r  a v a rie ty  o f kaonic-atom  system s a re  re p o rte d  in  
C h ap te r 4. Two se ts  of ca lcu la tio n s  are  perform ed in  each  case; on 
th e  one hand, th e  old m ethod o f u sing  W est's form ula to  g en era te  
only a few w id ths is  employed, and on th e  o th e r  hand  th e  w idth
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fo r  every  s ta te  th a t  p a r tic ip a te s  in  th e  ca lcu la tio n  is  supp lied . 
The re s u l ts  o f th is  com parison are  p resen ted  in  th e  same ch ap te r, 
as a re  a few comments.
Before p roceed ing  i t  is  necessary  to  m ention th e  form in  
which th e  experim en ta l d a ta  appear. They come in  th e  form  o f 
X -ray in te n s it ie s  from  which a re  deduced energy s h if ts  and lev e l 
broadenings due to  th e  s tro n g  in te ra c tio n , as w ell as th e  re la t iv e  
y ield  of X ray s  fo r  th e  low est two c ircu la r-w id th  s ta te s  observed  
to  tak e  p a r t  in  th e  cascade. Only one lev e l b roaden ing  is  
d ire c tly  m easurab le  -  th a t  fo r  th e  la s t  s ta te  to  which X ray s  a re  
observed. I f  d esired , th e  y ie ld  can be converted  to  th e  w id th  fo r  
th e  n e x t- to - la s t  c irc u la r -o rb it  s ta te . These d e ta ils  a re  review ed 
by B atty  [22-25].
I t  shou ld  be m entioned th a t  since they  a re  connected  by th e  
U ncerta in ty  P rin c ip le , th e  w idth  and th e  tra n s i t io n  r a te  a re  
eq u iva len t, and can be used  in terchangeab ly  a t  p lea su re .
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CHAPTER TWO -  ABSORPTION WIDTHS BY PERTURBATION THEORY 
SECTION 2.1 - INTRODUCTION
Since th e  Coulomb a t t ra c t io n  betw een th e  K meson and th e  
n u c lea r p ro to n s  is  m ainly re sp o n s ib le  fo r  th e  binding , th e  s tro n g  
in te ra c tio n  can be tre a te d  as  a p e r tu rb a tio n  on th e  kaon ic  atom. 
The kaon being sp in less , th e  u n p e rtu rb ed  w avef u n c tio n s  a re  
so lu tio n s  of th e  K lein-G ordon equation . Usually, p e r tu rb a tio n  
th eo ry  is  only u se fu l i f  th e  f i r s t - o r d e r  term  a lone  y ie ld s  
su ff ic ie n tly  accu ra te  w idths.
SECTION 2.2 -  THE STRONG-INTERACTION POTENTIAL
The s tro n g  in te ra c tio n  is  rep re sen te d  by th e  o p tic a l 
p o te n tia l [26-30]
V g  = - 2 tH l^ (1  + m ^ /m ^ )  ( a ^ p ^ ( r )  + a ^ p ^ ( r ) ) ,  ( 2 .1 )
where
II is  th e  kaon-nucleus reduced  mass, 
m^ is  th e  kaon mass.
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is  th e  nucleon  mass, 
a^  is  th e  complex e ffec tiv e  sc a tte r in g  len g th  fo r  
k ao n -n eu tro n  sc a tte r in g ,
a^ is  th e  complex e ffec tiv e  s c a tte r in g  len g th  fo r  
k a o n -p ro to n  sc a tte r in g ,
p^(r) is  th e  n e u tro n -m a tte r  d en s ity  d is tr ib u tio n , 
pp(r) is  th e  p ro to n -m a tte r  d en s ity  d is tr ib u tio n .
and
h is  P lanck 's  co n s tan t.
In f i r s t - o r d e r  p e r tu rb a tio n  th eo ry , th e  re a l p a r t  o f is  
re sp o n sib le  fo r  th e  s h if t  in  th e  b inding  energy from th e  Coulombic 
va lue  w hile th e  im aginary  p a r t  accoun ts fo r  th e  lev e l b roadening . 
What th e  ex ac t m agnitudes o f th e  s h if t  and w id th  a re  obv iously  
depends on th e  v a lu es  of a^ and a^. Ideally , th e  s c a tte r in g  
len g th s  sh o u ld  d e riv e  independen tly  from sc a tte r in g  o r o th e r  d a ta  
b u t shou ld  rep ro d u ce  th e  m easured s h if ts  and w id th s. A 
s tra ig h tfo rw a rd  use  o f th e  s c a tte r in g  le n g th s  in  th is  way fa ils  to  
ach ieve th is  [31]. Thus, a more p ra c tic a l approach  is  to  o b ta in  
them phenom enologically  by f i t t in g  th e  sh if t ,  y ie ld  and w id th  d a ta  
by num erically  in te g ra tin g  th e  K lein-G ordon eq u a tio n . For 
com parison, th re e  s e ts  of s c a tte r in g  len g th s  a re  u sed  in  th is  
work. S et I is  due to  a phenom enological an a ly s is  o f a l l  known 
s h if ts , w id ths and y ie ld s  by B atty  [32]; th is  s e t  is
and
a ^ =  (0.07 + iO.99) F, (2.2a)
a^  = (0.63 + 10.65) F. (2.2b)
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Set II is  due to  a sem i-phenom enological an a ly s is  of th e  
d a ta . D eloff [31] has show n th a t  th e  s tre n g th  of th e  o p tic a l 
p o te n tia l is  a n o n -lin e a r  fu n c tio n  of th e  fre e  K p and K n 
s c a tte r in g  len g th s  a^ and a^. According to  th e  an a ly sis .
Vg=-2Eh^(l+m^/m^)
M .1 + a ^ /b q  1 + a^ /b q (2.3)
w here bq is  th e  p aram eter to  be ad ju sted  to  b ring  ab o u t agreem ent 
w ith  th e  data . A c h i-sq u a re d  search  fo r  th e  va lue  of bq h as  been  
perform ed by B atty  [32]. The b e s t r e s u l ts  have been o b ta in ed  from  
th e  sc a tte r in g  le n g th s  of M artin [33], w hich 
are
a^ = (0.35 + 10.66) F , (2.4a)
and
a^ = (-0.66 + iO.71) F , (2.4b)
w ith  a corresponding  v a lu e  bq  = 1.12. Thus, th e  c o e ff ic ie n ts  o f 
pp and p^ in  (2.3) a re
and
a^ = (0.41 + 10.32) F, (2.5a)
a^ = (0.31 + il.24) F. (2.5b)
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Set III is  due to  Kim [34], and  is  independen t o f th e  s h if t  
and w id th  d a ta . I t  is  due to  a phenom enological an a ly s is  of s ix  
re a c tio n s  of th e  K and th e  p ro to n  in  th e  fram ew ork of D alitz-Tuan 
re a c tio n  th eo ry  [35] to  o b ta in  th e  q u a n titie s  and A^. These 
a re  th e  complex sc a tte rin g  len g th s  in  th e  1 = 0 and 1 = 1 iso sp in  
channels resp ec tiv e ly , in  term s o f w hich th e  low -energy  KN 
sc a tte r in g  len g th s  can be param etrized  a t  th re sh o ld . In th e  
low -energy lim it, a^ and a^ a re  g iven  by
and
= A^, (2.6a)
ap = (Aq + A ^/2 . (2.6b)
Kim's v a lu es  fo r  Aq and A^ th en  give
and
a^ = (-0.003+10.688) F, (2.7a)
&p = (-0.839+10.705) F. (2.7b)
I t  is  a  custom ary to  ta k e  fo r  th e  m a tte r  d e n s itie s  and Pp 
th e  Wood-Saxon form, w ith  p aram eters  o b ta in ed  from 
e le c tro n -sc a tte r in g  experim ents [36]:
pp(r) = (Z/A)Pq/(1 + exp(4Jn3(r-c)/t)), (2.8)
and
p^(r) = (N/A)Pq/(1 + exp(4Jn3(r-c)/t)), (2.9)
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where Z,N, and A a re  th e  p ro to n , n eu tro n  and mass num bers of th e  
nucleus; th e  o th e r  p aram eters  a re
c = 1.07A^/^ F, (2.10)
and
t  = 2.42 F. (2.11)
and
pQ = (A/47t) [ J  d r r^ /( l + exp(4Jn3(r-c)/t))]  ^ (2.12)
The f i r s t- o rd e r  p e r tu rb a tio n - th e o ry  co rrec tio n  to  th e  energy  
is  given by
= K , i
where n and 1 a re  th e  p r in c ip a l and angular-m om entum  quantum  
num bers of th e  s ta te  Since th e  energy change due to  th e  s tro n g  
in te ra c tio n  is
AE = e - ir/2 , (2.14)
i t  follow s th a t  th e  energy s h if t  is
18
and th e  w idth  is
r  = . (2.16)
where
Vg(r) = V^(r) + iV j(r). (2.17)
SECTION 2.3 -  THE KAONIC-ATOM WAVEFUNCTION
The w avefunctions used  h e re  a re  so lu tio n s  o f th e  
K lein-G ordon equation  fo r  a Coulomb p o in t-p o te n tia l  and a re  g iven 
by [37]
, = C (2pZe^r/nh^)^^^^^ exp(-Z fxe^r/nh^)/r11 ) I fin mf I
X F (-(n -J -i;,2 s+ 2 ,2 Z p e^ r/n h ^ ) Y ^ (0 ,0 ) , (2.18)
w here
F is  th e  confluen t hypergeom etic  fu n c tio n , 
is  a sp h erica l harm onic, 
e is  th e  elem entary u n it  o f charge,
m is  th e  m agnetic quantum  num ber,
s = -1/2 + ((J + 1/2)^ -
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2a is  th e  f in e -s tru c tu re  co n stan t, -e  /he, 
c is  th e  speed of lig h t in  vacuo.
and
g 3  (ZZue^lnh^)^^^  F(2s+2)(2s+3)■ . . . f2s+2+fn-i
[ r ( 2 s + 2 ) ( n - i - l ) ! { l  + ( n - i - l ) / ( s + l ) } ] ^ ^ ^
is  th e  ra d ia l  norm alization  fac to r.
The gamma fu n c tio n  F in  th e  ex p ress io n  fo r   ^ i s  n o t to  be 
confused  w ith  th e  w idth.
SECTION 2.4 -  RESULTS
Sim pson's ru le  was used  to  ev a lu a te  th e  in te g ra ls .  The
accuracy  o f th e  com puter program  was checked by com puting
norm aliza tion  in te g ra ls , which was s a tis fa c to r i ly  ach ieved .
Tables 2.1a, 2.2a and 2.3a sum m arise th e  th e o re t ic a l  w id ths
from th e  use  of d a ta  s e ts  I, II and III re sp e c tiv e ly . The 
2
q u an tity  % in  column 5 of each ta b le  was com puted a s  is  u su a l 
from th e  form ula
= ((r^ -  (2.19)
w here F . is  th e  th e o re tic a l w id th  from column 4; F is  th e  t e
experim en tal v a lu e  from column 3; and AF  ^ is  th e  ex p erim en ta l 
u n ce rta in ty . Tables 2.1b, 2.2b and 2.3b sum m arise in  tu rn  th e  
co n ten ts  o f Tables 2.1a, 2.2a and 2.3a. The ex p e rim en ta l d a ta  
a re  from re fe re n c es  [2,20,38,39,40-42].
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NUCLEUS STATE EXPERIMENTAL THEORETICAL X
(n,J) WIDTH (keV) WIDTH (keV)
2,1 0.03+0.03 0.003 0.84
Y i3 2,1 0.055±0.029 0.059 0.018
2,1 0.172±0.058 0.345 8.86
2,1 0.810±0.100 1.14 10.9
" B , 2,1 0.70010.080 1.34 73.7
2,1 1.73010.150 3.51 141.
"G S 3,2 0.01710.014 0.012 0.14
3,2 0.21410.015 0.332 62.8
3,2 0.49010.160
0.44210.022
0.685
0.685
1.48
122
3,2 0.81010.12
0.80010.033
1.15
1.15
8.25
116
3,2 1.44010.120 2.133 33.37
3,2 1.9610.17
2.33010.200
2.31010.170
3.34
3.338
3.338
65.7
25.4
36.6
35.5«, 
^^17 3,2 3.8011.03.9210.99
2.7910.25
5.84
5.84
5.84
4.1
3.7
149
' ' g°27 4,3 0.6410.25 1.00 2.0
'®Ni28 4,3 0.5910.211.2310.14
1.26
1.26
10.2
0.049
“ g^29 4,3 1.65010.72 1.97 0.197
5,4 1.5410.58 1.72 0.098
' ' 'G d , , 5,4 2.0110.44 2.43 0.90
5,4 2.3810.57 2.96 1.05
' ' “Bngo 5,4 3.1810.64 3.92 1.34
Table 2.1a: co n tinued  on n ex t page
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NUCLEUS STATE
(n,i)
EXPERIMENTAL 
WIDTH (keV)
THEORETICAL 
WIDTH (keV)
'" H O , , 6,5 2.14±0.31 1.21 9.07
174»
70 6,5 2.39±0.30 2.16 0.57
6,5 3.76±1.15 3.64 0.011
7,6 0.37±0.15 0.20 1.21
" % 7,6 1.50±0.75 1.15 0.21
Table 2.1a con ty iued
STATE
(n,i)
NUMBER OF 
POINTS
X PER DATA 
POINT
2,1 6 225.3 37.5
3,2 13 628.7 48.4
4,3 4 12.4 3.1
5,4 4 3.4 0.85
6,5 3 9.7 3.2
7,6 2 1.42 0.71
TOTAL 32 881 27.5
Table 2.1b
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NUCLEUS STATE EXPERIMENTAL THEORETICAL %"
(n,i) WIDTH (keV) WIDTH (keV)
4
Heg 2,1 0.0310.03 0.003 0.81
S 2,1 0.05510.029 0.050 0.032
2,1 0.17210.058 0.399 4.83
2,1 0.81010.100 1.08 7.5
' S 2,1 0.70010.080 1.18 36.4
2,1 1.73010.150 3.339 115.
" o s 3,2 0.01710.014 0.011 0.17
3,2 0.21410.015 0.317 46.8
2^A1i 3 3,2 0.49010.160
0.44210.022
0.632
0.685
0.790
74.8
3,2 0.81010.12
0.80010.033
1.099
1.099
5.78
81.8
" B i 5 3,2 1.44010.120 1.977 20.1
3,2 1.9610.17
2.33010.200
2.31010.170
3.18
3.176
3.176
51.1
17.9
25.9
" ■ 'g1i 7 3,2 3.8011.03.9210.99
2.7910.25
5.37
5.37 
5.84
2.46
2.14
106
" g°27 4,3 0.6410.25 0.89 0.97
"H i28 4,3 0.5910.211.2310.14
1.17
1.17
7.54
0.205
"G "29 4,3 1.65010.72 1.757 0.022
5,4 1.5410.58 1.48 0.0098
'" G d ,g 5,4 2.0110.44 2.03 0.00145
" S 9 5,4 2.3810.57 2.50 0.0415
Table 2.2a; con tinued  on n ex t page
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NUCLEUS STATE EXPERIMENTAL THEORETICAL
(n,J) WIDTH (keV) WIDTH (keV)
5,4 3.18±0.64 3.25 0.0126
" X , 6,5 2.14±0.31 0.982 13.9
174 
. 70 6,5 2.39±0.30 1.75 4.55
" S : 6,5 3.76±1.15 2.95 0.497
“ K 7,6 0.37±0.15 0.16 1.90
7,6 1.50±0.75 0.91 0.63
Table 2.2a con tinued
STATE
(n,l)
NUMBER OF 
POINTS
X^ PER DATA 
POINT
2,1 6 164.6 27.4
3,2 13 435.7 33.5
4,3 4 8.7 2.2
5,4 4 0.038 0.0096
6,5 3 18.9 6.3
7,6 2 2.5 1.3
TOTAL 32 630.4 19.7
Table 2.2b
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NUCLEUS STATE
(n,i)
EXPERIMENTAL 
WIDTH (keV)
THEORETICAL 
WIDTH (keV)
2%
^He2 2,1 0.03±0.03 0.0027 0.83
2,1 0.055±0.029 0.049 0.050
’ Be. 2,1 0.172±0.058 0.286 3.84
" B , 2,1 0.810±0.100 0.968 2.50
" B , 2,1 0.700±0.080 1.11 26.8
2,1 1.730±0.150 2.98 69.6
" G , 3,2 0.017±0.014 0.010 0.25
^MSlZ 3,2 0.214±0.015 0.283 21
- A l , 3 3,2 0.490±0.160
0.442±0.022
0.577
0.577
0.295
37.6
' 'S i l 4 3,2 0.810±0.120.800±0.033
0.981
0.981
2.02
30.1
' % s 3,2 1.440±0.120 1.799 8.96
" S l6 3,2 1.96±0.172.330±0.200
2.310±0.170
2.84
2.84 
2.846
26.5
6.39
9.56
3,2 3.80±1.0
3.92±0.99
2.79±0.25
4.91
4.91
4.91
1.23
1.01
72.1
' ’ C°27 4,3 0.6410.25 0.83 0.59
'*Ki28 4,3 0.5910.211.2310.14
1.06
1.06
5.07
1.42
“ gu29 4,3 1.65010.72 1.644 0.000069
' “ 'A g.7 5,4 1.5410.58 1.42 0.0400
5,4 2.0110.44 1.99 0.0017
" ^ 9 5,4 2.3810.57 2.44 0.0101
Table 2.3a; con tinued  on n ex t page
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NUCLEUS STATE EXPERIMENTAL THEORETICAL
(n,i) WIDTH (keV) WIDTH (keV)
5,4 3.1810.64 3.21 0.0028
6,5 2.1410.31 0.984 13.9
174_
70 6,5 • 2.3910.30 1.76 4.38
6,5 3.7611.15 2.96 0.478
7,6 0.3710.15 0.17 1.8
7,6 1.5010.75 0.93 0.57
Table 2.3a con tinued
STATE
(n,l)
NUMBER OF 
POINTS
X^ PER DATA 
POINT
2,1 6 103.6 17.3
3,2 13 217.0 16.7
4,3 4 7.1 1.8
5,4 4 0.055 0.014
6,5 3 18.8 6.3
7,6 2 2.4 1.2
TOTAL 32 349 10.9
Table 2.3b
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SECTION 2.5 -  ANALYSIS OF RESULTS
I t  is  c le a r  a t  once th a t  fo r  th e  low -ly ing  atom ic lev e ls ,
p e r tu rb a tio n  th eo ry  is  inadequate . F or a ll s e ts  o f  d a ta , th e  
2
value  o f % -p e r-p o in t is  too  high fo r  th e  lev e ls  (n,J) = (2,1) and 
(3,2). However, agreem ent is  reasonab le  and even good fo r  th e  
rem aining lev e ls . The b e s t o v era ll r e s u l ts  a re  g iven  by Kim's 
s c a tte r in g  len g th s. As th ese  sc a tte rin g  le n g th s  a re  in d ep en d en t 
of th e  d a ta , a  hope is  ra ised  th a t  physics  has been v in d ica ted ; 
how ever, a  c lo se r sc ru tin y  d isap p o in ts  th is  hope. F irs tly , i t  is  
th e  o th e r  s c a tte r in g  len g th s  which in  an ex ac t tre a tm e n t rep ro d u ce  
th e  experim en tal d a ta  [32]. Secondly, th e  a p p a ren t s u p e r io r i ty  of 
Kim's p aram eters  is  ev iden tly  due to  th e  acc id en t th a t  th ey  give 
th e  low est v a lu es  w hile p e r tu rb a tio n  th eo ry  o v e r-e s tim a te s  th e  
w idths fo r  low -lying s ta te s .
As th e  agreem ent of th eo ry  and experim ent is  good fo r  th e  
lev e ls  (n,i) = (4,3), (5,4), (6,5) and (7,6), W est's fo rm ula  may 
co n fid en tly  be used  fo r  th o se  nuclei in  w hich th e  l a s t  X ray s  
observed  a re  to  th ese  levels. For th e se  n u cle i, Z is  re la t iv e ly  
high. F or nucle i w ith  low er Z, im provem ents to  p e r tu rb a tio n  
th eo ry  and, by su bsequen t ex tension , to  W est's fo rm ula  a re  
necessary .
The fa c t  th a t  th e  fa ilu re  of p e r tu rb a tio n  th e o ry  is  
c o rre la ted  to  s ta te  in d ica tes  th a t, f a r  from being  a w ell-b eh av ed  
p e r tu rb a tio n , th e  s tro n g  in te ra c tio n  se rio u s ly  a f fe c ts  th e  form  of 
th e  w avefunction  in  th e  n u c lea r region. This d is to r t io n  o p e ra te s  
on th e  low er atom ic levels. Now, as Z is  p ro g re ss iv e ly  in c reased .
27
th e  atomic level a t  which s tro n g -in te ra c tio n  a b so rp tio n  
ex tin g u ish es  th e  X rays is  h ig h er and h igher, so th a t  when Z is  
h igh, th e  meson h a rd ly  reaches th e  a ffec ted  lev e ls . Thus, 
w avefunction  d is to r tio n  is  most im portan t in  l ig h t atom s, as th e  
Tables confirm. Before fu r th e r  d iscu ss io n  of th is  e ffec t, th e  
second-o rder co rrec tio n  to  th e  energy is  in v estig a ted .
SECTION 2.6 -  THE SECOND-ORDER CORRECTION
The sum which ap p ears  in  th e  ex p ressio n  fo r  th e  seco n d -o rd e r  
term  u sually  req u ire s  too  much lab o u r fo r  e v a lu a tio n . 
F o rtu n a te ly , in  th e  c u rre n t case, some o f th e  approx im ations made 
ab o u t th e  o p tica l p o te n tia l perm it th e  ex p ress io n  o f th is  sum as a  
fu n c tio n  of th e  f ir s t-o rd e r  term. I t  is  im p o rtan t to  gauge th e  
m agnitude of th e  seco n d -o rd er term  because th e  d is to r t io n  of th e  
w avefunction is  th ereb y  e s ta b lish ed , o r d iscoun ted , as th e  so u rce  
of th e  disagreem ent betw een th eo ry  and experim ent.
The second-o rder co rrec tio n  to  th e  energy is
AE = I  <n IV I n 'x n ' | V | n>/(E^ -  (2.20)
® s n n
w ith  k e ts  and b ras  used fo r  convenience. The
angular-m om entum  quantum  num bers 1 and m a re  om itted  b ecau se  
has been chosen to  be sp h e rica lly  symm etric and th e  o r th o g o n a lity  
o f th e  sp h erica l harm onics en su res  th a t  J'=J and 
Using eq. (2.17) in  eq. (2.20) leads to
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AEg = Y. [<n |V ,,|n '> <n '|v ,,|n>  - <n | V, |n 'x n ' |  V, |n>]/(E^- E^,)
* 21 I  < n |v ,, |n 'x n '|V j|n > /(E ^  -  E^,). (2.21)
To a r r iv e  a t  (2.21) from (2.20), th e  e q u a litie s
<n I I n'> = <n' | | n>
and
<n I Vj I n'> = <n’ | | n>
which ho ld  fo r  re a l w avefunctions and H erm itian o p e ra to rs  have 
been used.
Up to  second order, th e  s h if t  and w idth  a re
e  = <n I V„ I n> + H [< "  I V r  I V r  I n>-<n | V, I I n>] ^2.22a)
B n  -  B n '
and
r  = -2<n I I  n> - 4j; <n I V„ I n 'x n ' | | n>/(E„ -  E „, ). (2.22b)
 ^ n*n' ^  i n n
Since th e  m atte r d is tr ib u tio n s  of p ro to n s  and n e u tro n s  have 
been tak en  to  be sim ilar, th e  o p tica l p o te n tia l may be w r itte n  as
V = -(2?rh^/fi)(l+m^/m^)(a^N/A + a^Z/A)p(r) (2.23)
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w here
p(r) = Pq/(1 + exp(4Jn3(r-c)/t)), (2.24)
so th a t
= -(27rh^/p)(l+m^/m^)(N.Real(a^)+Z.Real(a^))p(r)/A 
= v^p(r), (2.25)
and
Vj = -(27rh^/p)(l+m^/m^)(N.Im(a^)+Z.Im(a^))p(r)/A
=VjP(r). (2.26)
T herefore ,
e = Vp<n|p |n>+(Vp-v^)J] <n|p |n 'x n ' |p  |n>/(E -E ,) (2.27)
and
r  = -2v.-<n Ip I n>-4v„VT-][| <n jp j n 'x n 'jp  j n>/(E -E , ). (2.28)
 ^ ^  V n '  " ”
L etting
S = E  l< n |p |n '> |^ /(E  -E ,) (2.29)
leads to
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e = y^<n | p | n> + - v^)S (2.30)
and
r  = -2Vj<n|p|n> -  (2.31)
By means of th e  re la tio n  e ^ ±0.26F, found exp erim en ta lly  to  
ho ld  re g a rd le ss  of s ta te  o r n u cleu s u n d er co n sid e ra tio n  [30], S is  
o b ta in ed  in  term s of F alone as
S = (±0.26F - I p I n>)/(v^ -  Vj) (2.32)
The sign of th e  r a t io  e/F is  determ ined  by th a t  o f th e  
s h if t ,  which in tu rn  is  fixed  by th e  sign of Z.Real(a^) + 
N.Real(a^).
From (2.32) and (2.31), th e  w idth is  ob ta ined  to  second 
o rd e r  as
w here F^ is  th e  f ir s t-o rd e r  w id th  -2Vj<n|p|n>. 
The fa c to r
F = (v^ + ±1.04Vj^Vj) (2.34)
w hich a d ju s ts  th e  f i r s t- o rd e r  w id ths h as  been ca lc u la te d  and is
31
z
NUCLEUS
A SET I
PARAMETERS 
SET II SET III
2 4 0.94 0.96 1.08
3 7 0.91 1.00 1.00
4 9 0.91 0.99 1.02
5 10 0.94 0.96 1.08
5 11 0.92 0.98 1.03
6 12 0.94 0.96 1.08
8 16 0.94 0.96 1.08
12 24 0.94 0.96 1.08
13 27 0.93 0.97 1.06
14 28 0.94 0.96 1.08
15 31 0.93 0.96 1.06
16 32 0.94 0.96 1.08
17 35.5 0.93 0.97 1.05
27 59 0.92 0.98 1.03
28 58 0.93 0.97 1.06
29 63 0.92 0.98 1.03
47 107 0.91 0.99 1.01
48 114 0.91 1.00 0.99
49 115 0.91 1.00 0.98
50 120 0.91 1.00 0.99
67 165 0.90 1.01 0.98
70 174 0.90 1.01 0.98
73 181 0.90 1.01 0.98
82 208 0.90 1.02 0.97
92 238 0.90 1.03 0.96
Table 2.4. Values o f th e  c o rrec tio n  fac to r, eq. (2.34) fo r  th e
th re e  s e ts  o f s c a tte r in g  len g th s.
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shown in  Table 2.4 fo r  th e  th re e  s e ts  of s c a tte r in g  len g th s. I t  is  
ev id en tly  independen t of s ta te ,  b u t is  a fu n c tio n  of Z and N 
th ro u g h  and v^.
A p e ru sa l of Table 2.4 show s th a t  th e  fa c to r  F is  in a d e q u a te  
to  reduce th e  d isc rep an t lo w er-lev e l w id ths to  th e  ex perim en ta l 
v a lu es. This shows th a t  som ething  more fundam ental th a n  th e  • 
absence of th e  seco n d -o rd e r c o n tr ib u tio n  to  th e  w id ths l is te d  in  
Tables 2.1a, 2.2a and 2.3a is  re sp o n s ib le  fo r th e  d isagreem ent. 
In c id en ta lly , th e  fa c t th a t  th e  p a ram eters  of Kim p re d ic t s h if ts  
of op p o site  sign from th e  o th e r  two s e ts  is  re fle c ted  in  th e  sign  
of e/r and th u s  in  th e  v a lu es  o f F in  Table 2.4.
SECTION 2.7 -  STRONG-INTERACTION DISTORTION OF THE WAVEFUNCTION
The e ffec t of th e  s tro n g  in te ra c tio n  on th e  k aon ic-a tom  
w avefunction  was f i r s t  p o in ted  o u t in dependen tly  by Seki [43,44] 
and by K rell [45]. A sim ila r e ffe c t had  a lready  been o b serv ed  in  
s tu d ie s  of p ionic atom s [46]. In b o th  cases, th e  re a l p a r t  o f th e  
o p tic a l p o te n tia l is  re sp o n s ib le  fo r  a lte r in g  th e  shape  o f th e  
w avefunction  in  th e  n u c lea r reg ion . E rics on and Scheck [47] 
dem onstra ted  th is  by in te g ra tin g  th e  K lein-G ordon e q u a tio n  w ith  
th e  im aginary p a r t  o f th e  p o te n tia l  s e t  to  zero and th e  r e a l  p a r t  
s e t  to  d iffe re n t s tren g th s . The w avefunctions th u s  o b ta in ed  w ere 
u sed  to  p e r tu rb a tiv e ly  c a lc u la te  th e  s h if ts ,  y ie ld s  and w id ths.
The th re e  q u a n titie s  proved to  be s tro n g  fu n c tio n s  o f th e  s tre n g th  
of th e  re a l  p a r t  of th e  o p tic a l p o te n tia l. I t  was th e re b y  shown 
th a t  fo r  p e r tu rb a tio n  th eo ry  to  perform  well, d is to r te d  
w avefunctions are  needed. Since th e se  w avefunctions a re  n o t
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a n a ly tic a lly  known, i t  is  no t po ssib le  to  im ita te  W est's reason ing  
to  o b ta in  an analogue to  h is  form ula. To o b ta in  them  num erically  
is  le s s  lab o rio u s  th an  to  so lve  th e  K lein-G ordon e q u a tio n  fo r  th e  
w id ths, s ince  th e  im aginary p a r t  of th e  o p tic a l p o te n tia l  is  le f t  
ou t, b u t th e  whole p rocess is  s t i l l  to o  tim e-consum ing to  be 
p ra c tic a l.
SECTION 2.8 -  FACTORS AFFECTING THE VALUE OF THE WIDTH
Before leav ing  th e  p e r tu rb a tio n - th e o ry  app roach , some 
fa c to rs  w hich b ea r on i t s  success are  to u ch ed  upon.
The w id th  v a lu es depend on th e  h a lf -d e n s ity  ra d iu s  c and th e  
d ifu s s iv ity  p aram eter t  in  exp resions (2.8) and  (2.9). Because 
kaon ab so rp tio n  occurs in  th e  very  p e r ip h e ry  of th e  nucleus, 
[3,4,48], th e  w idth  is  v ery  se n s itiv e  to  th e se  param eters . 
In v e s tig a tio n s  by Burhop [49], B atty  [32], M artin [21] and 
B ackenstoss e t. al. [38] have confirm ed th is  fa c t. This p o in t has 
n o t been in v e s tig a te d  here , b u t i t  is  p ro b ab le  th a t  in  o rd e r  to  
g e t good w id ths w ith  u n d is to r te d  w avefunctions, c and t  w ould have 
to  be se p a ra te ly  ad ju sted  fo r  each case. F u rth e rm o re , th e re  is  
l i t t l e  th e o re tic a l  reaso n  to  a d ju s t c and  t  from  th e i r  
e le c tro n -s c a tte r in g -d a ta  v a lu es. An ea rly  co n v ic tio n  th a t  th e re  
is  a p reponderance  of n eu tro n s  in  th e  n u c le a r  su rfac e  [52,53] has 
la rg e ly  been d isc re d ited  [47,54].
U n certa in tie s  in  th e  form of th e  s tro n g - in te ra c tio n  
p o te n tia l m ight in tro d u ce  d isc rep an c ies  in to  th e o re t ic a l  w id ths. 
This is  u n lik e ly  though, owing to  th e  fa c t  th a t  when th e  f re e  KN
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sc a tte rin g  len g th s  a re  more r ig o ro u s ly  re la te d  to  th e  s tre n g th  of 
. th e  p o ten tia l, as D eloff [31] h as  shown, good agreem ent o f ex ac t 
th eo ry  (num erical in te g ra tio n  o f th e  K lein-G ordon eq u a tio n ) w ith  
experim ent is  achieved. M oreover, i f  th e  fu n c tio n a l form  o f th e  
o p tica l p o te n tia l was se rio u s ly  in a p p ro p ria te , th e  
phenom enological an a ly s is  o f  B atty  [32] would have been le ss  
successfu l. A neg lected  c o n tr ib u tio n  to  th e  p o te n tia l i s  th a t  due 
to  th e  p-w ave in te ra c tio n , w hich would be re p re se n te d  by a 
g rad ien t term. S tud ies  by B ackenstoss e t al. [38], E ricson  and 
Scheck [47], and K rell [45] have shown th a t  th is  is  indeed  
neglig ible.
I t  is  known th a t  tw o-nucleon  ab so rp tio n  of th e  kao n  acco u n ts  
fo r  15-20 % of th e  a b so rp tio n  [55]; th is  would be re p re se n te d  by 
a term  p ro p o rtio n a l to  th e  sq u a re  of th e  m a tte r  d is t r ib u tio n  in  
th e  o p tica l p o ten tia l. From th e  s tan d p o in t o f p e r tu rb a t io n  
theory , i ts  inc lu sion  cou ld  only  aggravate  th e  d isc rep an cy  by 
in creasin g  th e  th e o re tic a l w id ths.
A com plication o f a c a lc u la tio n  of th e  w id th  by any  m ethod
a rise s  from th e  fa c t th a t  a b so rp tio n  of kaons on p ro to n s  is
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a tte n u a te d  by th e  ex isten ce  o f th e  p a r tic le  in  th a t  ch an n e l a t  
an energy lying 31 MeV below  th e  sum of re s t-e n e rg ie s  o f th e  K 
and th e  p ro ton . A ttem pts to  ta c k le  th is  problem  a re  re p o r te d  in  
re fe ren ces  [56-58].
O ther problem s re la te  to  th e  e ffe c ts  o f th e  f in i te  range  o f 
th e  nucleon-m eson in te ra c tio n ; n u c lea r deform ation; p o la r iz a tio n  
induced by th e  K meson; and  th e  f in ite n e ss  of th e  n u c le a r  charge 
d is tr ib u tio n . With th e  p o ss ib le  excep tion  o f th e  la s t  one, th e se
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com plications are  expected to  ex e rc ise  a  neg lig ib le  in flu en ce  on 
th e  w idths. To rig o ro u sly  c o rre c t fo r  any o f them  w ould re q u ire  
so much ca lcu la tio n a l lab o u r as to  d e fe a t th e  main o b jec tiv e  of 
th is  study .
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CHAPTER THREE -  WIDTHS BY THE BLACK-SPHERE MODEL 
SECTION 3.1 - INTRODUCTION
It  has been seen  in  th e  p rev io u s  c h a p te r  th a t  th e  
kaonic-atom  stro n g  in te ra c tio n  is  too  s tro n g  to  allow  th e  
ab so rp tio n  w id ths to  be c a lc u la te d  by p e r tu rb a tio n  th eo ry . The 
very  s tre n g th  o f th e  p o te n tia l  can be ex p lo ited  to  e v a lu a te  them  
by an o th e r approach; th e  b lac k -sp h e re  model. Here, th e  n u c leu s  is  
tre a te d  as a to ta lly -a b so rb in g  sp h ere  which c a p tu re s  a l l  kaons 
v en tu rin g  w ith in  a c e r ta in  d is tan ce  of i t .  Kaufmann an d  P ilk u h n
[59.60] have based  th e ir  fo rm u la tio n  on th e  WKB m ethod; i t  y ie ld s  
v a lu es  r iv a llin g  th o se  from  ex ac t tre a tm e n t in  accu racy  [32]. The 
w idth and th e  s h if t  a re  g iven  in  closed  form, m aking th i s  a  v e ry  
f a s t  m ethod o f com puting them , and th u s  sa tis fy in g  th e  main 
requ irem ent fo r  use in  cascade codes.
The main argum ents on w hich th e  b la c k -sp h e re  tre a tm e n t h inge  
are  to  be sk e tch ed  la te r . The f in a l fo rm ula fo r  th e  w id th  is
[59.60]:
r  = o.89v^e ^  (3.1)
where
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and th e  Klein-Gordon hydrogen ic  energy  is
= n'(Za)^/(2n'^). (3.3)
The o th e r  q u an titie s  a re
n' = n -  (1+1/2) + ((1+1/2)^ -  (Za)^)^/^, (3.4)
a being th e  f in e -s tru c tu re  c o n s ta n t;
q- 2 _ (n*^ - A ' ^ ) "  ( v / ( n ' A ' ) ) ^ ^  exp(2Y) c\
(Y + X' -  y / X ' )  in '  -  Y -  y /n ' )*^"
w here
X' = (J(J + 1) -  (3.6)
y = Zafi'R, (3.7)
Y = (A' -  2y + (y/n')^)^^^, (3.8)
/i' = fx/(l + (Za/n')^)^^^ ; (3.9)
and n is  th e  kaon-nucleus red u ced  m ass, w hile  R = 1.42A^^^F is  th e  
"e ffec tiv e  n u c lear rad iu s  fo r  ab so rp tio n ."
SECTION 3.2 -  THE BLACK-SPHERE APPROXIMATION
The s tro n g -in te ra c tio n  p o te n tia l  does n o t ap p e a r  e x p lic itly  
in  th is  model. The reason  is  th a t  s in ce  th e  p o te n tia l  is  b o th
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a t tra c t iv e  and ab so rp tiv e , th e  a b so rp tio n  p ro b a b ility  is  
independen t of th e  d e ta ils  of th e  n u c le a r  in te r io r .  Once th e  
had ron  v en tu re s  in to  th e  region  of s tro n g  in te ra c tio n , i t  is  
tra p p ed  by th e  a ttra c tio n  of th e  p o te n tia l  and  a n n ih ila tio n  is  
in ev itab le . Due to  th e  fa c t th a t  to  a v ery  good approx im ation  th e  
s tro n g  in te ra c tio n  has th e  same fu n c tio n a l dependence on r  (where 
r  is  th e  d is tan ce  o f th e  kaon from th e  c e n tre  o f th e  nucleus) as 
th e  m a tte r  d ensity , whose boundary  is  a b ru p t, th is  reg io n  is  v ery  
c lea rly  defined. The p rec ise  v a lu e  o f th e  ab so rp tio n  
p ro b a b ility  is  decided by th e  p ro b ab ility  th a t  th e  kao n  is  a t  th e  
c r i t ic a l  ra d iu s  R, which in  tu rn  is  determ ined  by th e  w avefunction  
beyond th is  ra d ia l d istance . Beyond th is  d is tan ce , th e  p o te n tia l 
is  Coulombic, and so is  th e  w avefunction . The e f fe c t  of th e  
s tro n g  in te ra c tio n  appears  suddenly  a t  th e  c r i t ic a l  ra d iu s . Thus, 
indeed, th e  nucleus can be rep laced  by a  sp h e re  th e  d e ta ils  of 
whose in te r io r  a re  ir re le v a n t, whose ro le  is  to  a n n ih ila te  kaons 
which fin d  them selves a t  th e  c r i tic a l  ra d iu s  m ainly b ecau se  of th e  
Coulomb a ttra c tio n .
The b lack -sp h ere  model has some lim ita tio n s  w hich mean th a t  
i t  w ill n o t give w idths fo r  a rb itra ry  v a lu es  o f n and  i .  These 
can be la rg e ly  overcome by e x tra p o la tio n  m ethods to  b e  ex p la in ed  
la te r . An o u tlin e  of th e  m ethod is  now given.
SECTION 3.3 - OUTLINE OF THE BLACK-SPHERE TREATMENT
O utside th e  nucleus, th e  kaon moves in  a  p o te n tia l  w hich is  
in  Fig. 3.1. In re la t iv is t ic  u n its  h=c=l, th is  p o te n tia l  is
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^ e f f  = + i(i+l)/(2Mr^). (3.10)
The reg ions I, II, III and IV defined  in  Fig. 3.1 have 
d iffe re n t form s fo r  th e  w avefunction . The ex p ress io n s  a re  given 
in  M erzbacher's "Quantum M echanics" [61] in  th e  c h a p te r  on th e  WKB 
method. In reg ion  IV, which is  th e  n u c lea r  in te r io r , a  boundary  
cond ition  d escrib es th e  w avefunction  by sum m arising th e  e ffec t of 
th e  s tro n g  in te rac tio n . Since th e  kaon has to  p e n e tra te  beyond R 
to  su ffe r  i t s  fa te , th e  assum ption  is  made th a t  th is  is  eq u iv a len t
to  a  c lassica lly -a llow ed  domain ju s t  in s id e  th e  n u c leu s , w ith  th e
- -w avefunction
(Pj^ = k  [A exp(iT^kdr) + B e x p (- i /^ k d r) ] ,  (3.11)
f a r  from th e  tu rn in g  po in t r^. "
The o th e r  so lu tions, f a r  from  th e  tu rn in g  p o in ts , a re
<p^ =k kdr) fo r  r  > r -  (3.12)
 ^ 1*2 ^
and
^ j j =k  ^^^[G .exp(-iJ^ kdr)+F.exp(iJ^ k d r] , fo r  r^^<r<r^, (3.13)
1 1
where k  = [2ji(E - ^ and E is  th e  energy.
In reg ion  III, c lassica lly  fo rb id d en , th e  w avefunction  is  a 
sum of in creasin g  and decreasing  ex p o n en tia l form s, b u t th e  
ex p lic it form ula is  no t needed.
In exp ression  (3.11), th e  f i r s t  term  re p re s e n ts  an 
ou tw ard -p ropagating  wave and th e  second an inw ard w ave. As th e
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nucleus is  ab so rp tiv e , i t  is  tak en  th a t  A = ^B, w here |3 = 0 i f  
absorp tion  is  to ta l. With a l l  necessary  exp ressions a t  hand , th e  
trea tm en t proceeds by ad h erin g  c lose ly  to  th e  developm ent g iven  by 
Merzbacher. The seem in g ly -a rb itra ry  co effic ien t is  u ltim a te ly  
fixed  by re la tin g  i t  to  th e  experim ental find ing  e = 0.26r, w hich 
has a lready  been ex p lo ited  in  C hap ter 2.
SECTION 3.4 -  THE RATIO OF THE SHIFT TO THE WIDTH
It is  in s tru c tiv e  to  d ig re ss  and give a ju s t if ic a t io n  o f th e  
constancy of th e  ra t io  e/F. If  i t  is  supposed th a t  f i r s t - o r d e r  
p e rtu rb a tio n  th eo ry  w ith  d is to r te d  w avefunctions g iv es  a c c u ra te  
s h if ts  and w idths, th e  e x p ress io n s  fo r  th ese  q u a n ti t ie s  a re
e = I P(r) (3.15)
and
F = -2y^<y^|p(r)|y^>, (3.16)
where and p a re  d efin ed  in  C hap ter 2.
Thus,
I e/F I = |vj^/(-2yj ) |
:(l/2)(Re(ap)+(N/Z)Re(a^))/(Im(a )+ (N/Z)Im(a^)). (3.17)
42
A quick check shows th a t  fo r  th e  p aram eters  o f s e t I, th is  
r a t io  is  0.21 fo r  N/Z = 1 and  is  0.17 fo r  N/Z = 1.5.
For p a ram ete r-se t II, th e  r a t io  is  0.23 fo r  N/Z =1 and  is  
0.27 fo r  N/Z = 1.5.
Finally , fo r  se t III, th e  r a t io  is  0.30 fo r  N/Z = 1 and is  
0.24 fo r  N/Z =. 1.5.
These values a re  in  q u a li ta t iv e  agreem ent w ith  th e  
experim ental one.
SECTION 3.5 -  LIMITATIONS OF THE BLACK-SPHERE MODEL
L im itations to  th e  b la c k -sp h e re  approach  have a lread y  been 
a lluded  at. The method b reak s  down fo r  c e r ta in  v a lu e s  of n and  i .  
In p a r tic u la r , i t  does no t g ive w id ths fo r  1 = 0 ,  s in ce  th e re  is  
no cen trifu g a l co n trib u tio n  to  th e  p o te n tia l, and  th e  in n e r  
tu rn in g  poin t, p iv o ta l to  th e  tre a tm e n t, does n o t e x is t. 
G enerally, i t  fa ils  w henever th is  tu rn in g  p o in t is  sm alle r th a n  R. 
M athem atically, th is  fa ilu re  is  m an ifested  by th e  argum ent of one 
of th e  square  ro o ts  in  th e  ex p ress io n  fo r  F becom ing negative . 
For a ll experim entally-m easured  w id ths, th e  in n e r tu rn in g  p o in t is  
well beyond th e  c r itic a l ra d iu s  R.
SECTION 3.6 RESULTS
Table 3.1 shows how b lack -sp h ere -m o d e l w id ths com pare w ith  
th e  experim ental values. This ta b le  is  to  be c o n tra s te d  w ith  
Tables 2.1, 2.2 and 2.3. The b lack -sp h ere-m o d e l w id th s  a re  v ery  
sa tis fa c to ry .
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NUCLEUS STATE EXPERIMENTAL THEORETICAL 2X
(n,i) WIDTH (keV) WIDTH (keV)
4
2,1 0.0310.03 0.004 0.8
S 2,1 0.05510.029 0.051 0.019
2,1 0.17210.058 0.250 1.81
" B , 2,1 0.81010.100 0.757 0.28
" B , 2,1 0.70010.080 0.831 2.68
"G, 2,1 1.73010.150 1.981 2.8
3,2 0.01710.014 0.0090 0.33
3,2 0.21410.015 0.225 0.538
-Al,3 3,2 0.49010.160
0.44210.022
0.438
0.438
0.106
0.331
'* S ii4 3,2 0.81010.12
0.80010.033
0.723
0.723
0.52
5.44
'%5 3,2 1.44010.120 1.257 2.33
''B,, 3,2 1.9610.17
2.33010.200
2.31010.170
1.916
1.916
1.916
0.067
4.29
5.37
''•'ci,. 3,2 3.8011.0
3.9210.99
2.7910.25
3.12
3.12
3.12
0.46
0.65
1.74
4,3 0.6410.25 0.73 0.13
4,3 0.5910.21
1.2310.14
0.923
0.923
2.51
4.819
*'CU29 4,3 1.65010.72 1.380 0.14
5,4 1.5410.58 1.53 0.00030
5,4 2.0110.44 2.08 0.025
" \ 9 5,4 2.3810.57 2.51 0.052
Table 3.1a; con tinued on n ex t page
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NUCLEUS STATE EXPERIMENTAL THEORETICAL %
(n,J) WIDTH (keV) WIDTH (keV)
5,4 3.1810.64 3.22 0.0039
6,5 2.1410.31 1.40 5.70
174»
^70 6,5 2.3910.30 2.40 0.0011
" S a 6,5 3.7611.15 3.85 0.0061
7,6 0.3710.15 0.34 0.04
" % 7,6 1.5010.75 1.80 0.16
Table 3.1a co n tinued
STATE
W )
NUMBER OF % 
POINTS
X ^PER DATA 
POINT
2,1 6 8.39 1.4
3,2 13 21.9 1.68
4,3 4 7.59 1.85
5,4 4 0.082 0.021
6,5 3 5.7 1.9
7,6 2 0.20 0.10
TOTAL 32 43.9 1.37
Table 3.1b
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I t  is  em phasised th a t  th e  u ltim ate  aim o f th is  p ro je c t is  to  
perform  a  cascade ca lcu la tio n  w ith o u t n eg lec tin g  a s ing le  
a b so rp tio n  w idth. Therefore, an ex tension  of th e  b lac k -sp h e re  
model is  needed to  supply  th o se  w idths which e q u a tio n  (3.1) does 
n o t give.
A p lo t of IhT ag a in st n • fo r  th e  sequence  o f s ta te s
(nQ+l,iQ+l), (rÎQ+2,jQ+2), ,where (^q>-^ q) is  an  a rb i tra ry
com bination, is  shown in  Fig. 3.2. The g raph  e x h ib its  a sm ooth 
b eh av io u r which in  fa c t is  genera l to  a ll  su ch  cu rves 
in v estig a ted . This sm oothness suggests  th a t  e x tra p o la tin g  th e  
cu rve g ives an accu ra te  va lu e  fo r  th e  w idth  fo r  th e  s ta te  (0^,1^). 
U nderlying th e  v a lid ity  of such a p rocedure  is  th e  know ledge th a t  
th e  w idth  could be found by in te g ra tin g  th e  K lein-G ordon equation ; 
th e  fa ilu re  of th e  b lack -sp h ere  model to  supp ly  th e  w id th  is  due 
to  acc id en ta l shortcom ings of th e  m ethod only.
There is  a p rac tica l reason  fo r  p lo ttin g  InT r a th e r  F -  th e  
w idth  changes by an o rd er of m agnitude o r more from  one lev e l n ,i) 
to  an o th e r  (n±l,J±l), so th a t  scaling  d if f ic u ltie s  w ould ap p ear i f  
F r a th e r  th a n  InT was p lo tted . This problem  is  n o t p e c u lia r  to  
th e  a c tu a l physica l p lo ttin g , b u t a ffe c ts  th e  num erica l p ro cess  as 
well; i t  tu rn s  o u t th a t  th e  shape of th e  p lo t o f F a g a in s t n is  
n o t as w ell su ited  to  being approxim ated  by th e  polynom ial 
le a s t-sq u a re s  m ethod as is  th a t  of InT. Even th o u g h  th e  e r ro rs  
com m itted on g e ttin g  the  va lue  of JnF(nQ,iQ) by e x tra p o la tio n  a re  
am plified  on subsequen t exponen ta tion , th e  InT p lo t g iv es  s u p e rio r  
r e s u lts  to  th e  F graph.
W henever an argum ent of one of th e  v a rio u s  sq u a re  ro o ts  
involved  in  th e  d e fin itio n  of F is  negative , th e  m ethod h a s  b roken
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Fig. 3.2: A ty p ica l p lo t o f IriT a g a in s t n.
This graph would be used to  o b ta in  r(n=4,i=2) by e x tra p o la t io n . 
Z=13.
down and ex trap o la tio n  is  invoked. Suppose th is  happens fo r  th e  
s ta te  (HqjJ q). a sequence of p o in ts  d efin ing  a  cu rv e  lik e  Fig. 
3.2 g en era ted  and used to  c o n s tru c t a  le a s t- s q u a re s  polynom ial to  
be used  fo r  ex trap o la tio n . Two m ethods a re  av a ilab le  fo r  th e  
e x tra p o la tio n -p ro p e r  -  e i th e r  u sing  th e  le a s t- s q u a re s  curve 
d ire c tly  o r d iffe re n tia tin g  i t  in  o rd e r  to  u se  th e  T aylor form ula. 
The f i r s t  m ethod y ie lds f lu c tu a tin g  r e s u l ts  s tro n g ly  d ependen t on 
th e  degree of polynom ial chosen. This is  p e rh ap s  n o t su rp ris in g , 
g iven th a t  th e  le a s t-sq u a re s  curve does n o t g u a ra n tee  co n s is te n t 
accuracy  o u ts id e  th e  range of th e  d a ta  p o in ts . On th e  o th e r  hand, 
i f  th e  le a s t-sq u a re s  curve is  f a i th fu l  in  th e  range o f th e  d a ta  
p o in ts , th en  presum ably so too  a re  th e  d e r iv a tiv e s , and th e  
T ay lo r-expansion  method can be expected  to  g ive b e t te r  accuracy.
A fter some t r ia l  and e rro r , 10 was chosen fo r  th e  degree of 
th e  approxim ating  polynom ial and 7 fo r  th e  num ber of term s in  th e  
T aylor expansion.
In Table 3.2 are  d isp layed  th e  re s u l ts  o f t e s t s  on th e  
accuracy  of ex trap o la tio n . All th e  w id ths fe a tu re d  a re  av a ilab le  
d ire c tly  from form ula (3.1), and th e re fo re  a ffo rd  a conven ien t 
means of com parison. The accuracy  is  seen  to  be g en era lly  
accep tab le . N evertheless, a  cau tio n  needs to  be reco rd ed  -  namely 
th a t  th e  choice of th e  w id ths u sed  is  random , b u t cou ld  w ell be 
fo r tu ito u s  w ith  reg ard  to  com parison. There is  no g u a ra n tee  th a t  
a d iffe re n t s e t  would n o t rev ea l se rio u s  in ad eq u acy  in  th e  
e x tra p o la tio n  p rocedure  o r p rin c ip le . A s ta tem en t can  be made 
concerning th e  e ffec t th is  would have on th e  cascade ca lcu la tio n .
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NUCLEUS 
Z A
STATE 
n 1
WIDTH (keV) 
EXTRAPOLATION FORMULA (3.1)
10 20 7 2 8.11X10"^ 7.71X10"®
10 20 5 4 3.51X10"^ 3.48X10"^
10 20 10 3 4.33X10"^ 4.24X10"^
2 4 10 4 1.62X10“^^ -191.59X10
2 4 3 2 5.48X10"® 5.42X10"®
2 4 9 5 -252.85X10 2.81X10"®®
20 40 4 2 5.40 5.13
20 40 6 2 2.40 1.80
20 40 10 2 0.466 0.419
Table 3.2 -  W idths by e x tra p o la tio n  and by exact fo rm ula
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SECTION 3.7 -  EFFECTS OF INACCURACIES IN THE WIDTHS ON THE 
CASCADE CALCULATION
According to  Table 3.1, th e  w id th  fo r  th e  m ost im portan t 
s ta te ,  -  th e  c irc u la r -o rb it  one to  which th e  la s t  X -ray 
tra n s i t io n s  are  observed  -  is  g iven accu ra te ly . The
n ex t-m o st-im p o rtan t s ta te  h as  n and 1 v a lu es  in c reased  by u n ity  
and form ula (3.1) d ire c tly  g ives i t s  w idth. The form ula a lso
g ives th e  w idths d ire c tly  fo r  s lig h tly  e llip tic a l o rb its , and
p ro b ab ly  a lso  fo r a ll b u t th e  m ost e ll ip tic a l ones. As d e p a r tu re  
from p re fe re n tia l occupation  of c irc u la r  o rb its  is  n o t expected  to  
be la rg e , a degree of inaccu racy  in  th e  w id ths o f v ery  e llip tic a l 
o rb its  can be to le ra ted .
A second fa c to r  is  th a t  th e  a b so rp tio n  w idth  changes v ery  
rap id ly  w ith  quantum num bers, as Table 3.3 shows. Thus fo r  m ost 
s ta te s , i t  is  e ith e r  neg lig ib le  o r overwhelm ing w ith  re sp e c t to  
X -ray  and Auger tra n s it io n  ra te s . In th e  f i r s t  case i t s  e ffe c t on 
th e  X -ray  in te n s ity  is  neg lig ib le , w hile in  th e  second, th e re  a re  
no X ray s  anyway. Again, th is  means th a t  fa ir ly  la rg e  e r ro rs  in  
th e  w id th  ex e rt l i t t l e  in flu en ce  on th e  cascade ca lcu la tio n .
D espite these  co n s id e ra tio n s , i t  is  w ise to  change th e  
e x tra p o la tio n -c r ite r io n . To en su re  g re a te r  accuracy ,
e x tra p o la tio n  is  now ca lled  upon w henever th e  in n e r tu rn in g  p o in t 
is  such  th a t  r^ ^ 2R. The reaso n  fo r  th is  is  th a t  i t  is  n o t known 
i f  th e  m ethod breaks down a b ru p tly  a t  r^ = R o r w h eth er th e  w id ths 
become more and more in a c c u ra te  as  r^ n ea rs  R; indeed , th e  second 
case is  more likely . I t  shou ld  be rem em bered th a t  th e  
w avefunctions used to  d e riv e  form ula (3.1) a re  defined  fo r  reg io n s
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STATE
n 1
WIDTH
(keV)
1 0 2115.0
2 1 29.8
3 2 5.42X10*^
4 3 2.35X10'^
5 4 3.51X10“ ^
6 5 2.31X10"^^
7 6 7.78X10~^®
8 7 1.48X10'^^
9 8 1.69X10"^^
10 9 1.26X10-32
Table 3.3 -  Change o f w id th  w ith quantum  num bers f o r  Z = 10 and 
A = 20. W idths ca lcu la ted  by form ula (3.1).
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" fa r from th e  tu rn in g  p o in ts ."  I t  is  well th e re fo re  to  en su re  
th a t  th is  condition  is  fu lf i l le d  by keeping  R fa r  from  r^.
In th e  n ex t c h a p te r , th e  b lack -sp h e re  model is  u sed  in  
cascade calcu la tions.
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CHAPTER FOUR -  CASCADE CALCULATIONS
4.1 -  INTRODUCTION
I t  was observed  in  C hap ter 1 th a t ,  h e re to fo re , i t  h as  been 
s ta n d a rd  p rac tic e  to  employ only a  few ab so rp tio n  w id ths in  
cascade ca lcu la tio n s . Having found a m ethod o f ca lcu la tin g  
accu ra te ly  any w id ths w hich m ight be req u ired , i t  is  now p o ssib le  
to  t e s t  th e  accuracy  of th is  approx im ation . F or th is  p u rp o se , a 
cascade code o rig in a lly  w ritte n  by T u rn er [9] is  u sed . In th is  
ex erc ise , th e  o rig in a l v e rs io n  of th e  code uses  W est's fo rm ula
to  ca lcu la te  a few more w id ths from a num ber su p p lie d  e i th e r  by 
experim ent o r by num erical so lu tio n  o f th e  K lein-G ordon eq u a tio n .
A m odified v e rsio n  uses  a new ro u tin e  to  o b ta in  a l l  w id th s  by th e  
b lack -sp h e re  model, as exp la ined  in  C h ap te r 3.
4.2 -  THE INITIAL POPULATION DISTRIBUTION AND THE REFILLING WIDTH
Of th e  o th e r  q u a n tit ie s  en te r in g  th e  cascade c a lc u la tio n , 
two deserve  b r ie f  d iscu ssio n . The in i t ia l  d is tr ib u tio n  o f kaons 
in  th e  s u b s ta te s  o f th e  s ta r t in g -v a lu e  of n is  n o t  known 
accu ra te ly  from th eo ry . I t  is  u su a l to  t ry  se v e ra l d is t r ib u t io n s  
and to  accep t th e  one which rep ro d u ces  th e  m easured  in te n s i t ie s  
b est. For th e  g en era l m eson-cascade problem , th e  m odified
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s ta t is t ic a l  d is tr ib u tio n  [9,62-67] and th e  q u a d ra tic  [19,68-70] 
have been used. Som etim es, th e  device of p o p u la tin g  th e  J 
su b s ta te s  up to  a c e r ta in  lim it only  h as  secured  th e  b e s t  r e s u l ts  
[71,72]. In th is  work, th e  m odified  s ta t is t ic a l  d is tr ib u tio n
P(J) « (21 + l)exp(aJ), (4.2)
where a is  a co n stan t, is  used .
The second p a ram e te r o f in te re s t  is  th e  r a te  a t  w hich 
e lec tro n s  lo s t  from th e  e le c tro n ic  sh e lls  by k ao n ic  A uger 
t ra n s itio n s  are  rep len ish ed . If  e le c tro n ic -sh e ll r e f i l l in g  is  
neglected, cascade re s u l ts  do n o t f i t  experim ental v a lu e s  because 
th en  th e  Auger ra te s  a re  u n d e r-e s tim a ted : good acco u n ts  o f th is
top ic  are  given by Vogel [70] and T urner [9]. V alues o f 
th e o re tic a l re f illin g  w id th s a re  g iven  in  re fe ren ces  [73-81]. In 
th is  work, values em ployed by Vogel in  ca lcu la tio n s  on muonic 
atoms are  used.
The kaonic-atom  sp e c ie s  S and P have been s e le c te d  fo r  
in v estig a tio n  because th e y  have  a lready  been t r e a te d  by 
B ackenstoss e t al. [39] "approxim ately"; th u s  th e  v a lu e  o f a  h as  
a lready  been determ ined. This is  a g re a t convenience, b ecause  
o therw ise, a lab o rio u s  se a rc h  fo r  th is  q u a n tity  would h av e  to  be 
conducted; as i t  is  th e  v a lu e  from  [39] is  sim ply adop ted .. Of 
course, w ith th e  change to  th e  cascade code, new optimum 
param eters p robab ly  o b ta in  -  how ever, to  draw th e  d e s ire d  
conclusions does n o t r e q u ire  a  o r  any o th e r  phenom enological 
q u a n tity  to  have i t s  optimum value . If  th e se  p a ra m e te rs  a re  
independent, they  can be op tim ised  one a t a time. T his p r in c ip le
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is  u su a lly  assumed and means th a t  any e ffec ts  which depend on th e  
ab so rp tio n  w idths w ill be m an ifested  w h atev er th e  v a lu e  o f a o r 
th e  re f illin g  w idth.
4.3 -  RESULTS
The experim ental d a ta  a re  d e riv ed  from re fe ren c es  [39] and
[72]. The reason  fo r  choosing two s e ts  o f d a ta  is  th a t  in  th e  one
case [72], th e  X -ray in te n s it ie s  a re  ab so lu te , w hile in  th e  o th e r
[39], th ey  a re  re la tiv e .
Tables 4.1 to  4.6 give th e  com parisons betw een ex p erim en ta l
and th e o re tic a l X -ray in te n s it ie s .  In  each tab le , th e  v a lu e s  in
column 3 p e rta in  to  th e  u se  of W est's fo rm ula fo r  th e  a b so rp tio n
w id ths w hile th o se  in  column 4 r e la te  to  th e  u se  o f th e
2
b lack -sp h ere  model. The v a lu es  o f % in  colum ns 4 and  6 
co rrespond  to  th e  in te n s it ie s  in  colum ns 3 and 5 re sp ec tiv e ly .
4.4 DISCUSSION AND CONCLUSION
The tab le s  show th a t  th e  ab so lu te  th e o re tic a l  and 
experim ental in te n s itie s  do n o t m atch w hile th e  re la t iv e  
in te n s it ie s  compare s a tis fa c to r i ly  ex cep t in  Table 4.2. This 
ta b le  con ta in s re la tiv e  in te n s i t ie s  fo r  P from G odfrey 's d a ta  
[72] and a re  too high com pared to  th e  th e o re tic a l. However, th e  
same tra n s it io n s  y ield  h ig h e r  re la t iv e  in te n s i t ie s  acco rd in g  to  
th e  d a ta  of B ackenstoss e t  al. [39]. If  th e  p o s s ib il i ty  of 
system atic  experim ental e r ro r  by G odfrey is  adm itted , i t  can  be
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TRANSITION NO. X RAYS NO. X RAYS % NO. X RAYS x
n n EXPERIMENTAL WEST WIDTHS B-S WIDTHS
5 4 0.3110.054 0.56 16.4 0.56 16.4
4 3 0.07610.015 0.18 48.1 0.18 48.1
6 4 0.024+0.007 0.080 64.0 0.080 64.0
7 4 0.01210.006 0.027 6.3 0.027 6.3
31Table 4.1. Com parison o f ab so lu te  X -ray in te n s it ie s  f o r  P^^.
The num ber of X ray s  is  fo r  each s to p p ed  kaon .
West re fe rs  to  th e  case w here th e  a b so rp tio n  w id th s 
a re  ca lcu la ted  by W est'form ula, w hile B-S r e fe r s  to  
• th e  case w here th e  b lack -sp h ere  model is  u sed . 
W idths fed  in  fo r  th e  lev e ls  (n,J) = (3,2) and  (4,3) 
fo r  use in  W est's form ula. D ata from re f .  [72]. 
a = 0.10; re f i l l in g  w id th  = 0.17 eV.
TRANSITION NO. X RAYS NO. X RAYS NO. X RAYS x^
n —>n EXPERIMENTAL WEST WIDTHS B-S WIDTHS
5 4 100.0115.8 100.0 0 100.0 0
4 3 22.714.45 32.1 4.46 32.1 4.46
6 4 7.0612.09 14.3 12.0 14.3 12.0
7 4 3.5311.79 4.82 0.52 4.82 0.5
Table 4.2 Com parison of re la t iv e  in te n s it ie s  fo r
W idths fed  in  fo r  lev e ls  (n,J) = (3,2) and  (4,3) fo r  
use  in  W est's form ula. D ata from re f . [72]. 
a  = 0.10; re f i l l in g  w id th  = 0.17 eV.
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TRANSITION NO. X RAYS 
n —> n EXPERIMENTAL
NO. X RAYS NO, 
WEST WIDTHS B-
. X RAYS' 
S WIDTHS
2X
5 4 100.012.3 100.0 0 100.0 0
6 4 11.1710.46 14.24 44.5 14.23 44.3
7 4 4.1810.42 4.87 2.70 4.87 2.70
8 4 2.1210.54 2.24^, 0.049 2.24 0.049
6—>5+8—>6 99.017.8 90.8 1.11 90.9 1.08
7 5 12.0010.72 14.1 8.51 14.1 8.51
8 5 3.3110.34 4.54 13.1 4.55 13.3
9 5 1.1710.29 1.81 4.87 1.81 4.87
7 6 41.618.8 50.9 1.12 50.9 1.12
9 6 1.8310.46 2.67 3.33 2.67 3.33
4 3 31.913.8 32.0 0.00093 31.9 0
Table 4.3. Comparison o f re la t iv e  w id ths fo r
Widths fed  in  fo r  le v e ls  (n,J) = (3,2) and (4,3) f o r  
use in  W est's form ula. D ata from  ref. [63].
OL -  0.10; re fillin g  w id th  = 0.17 eV.
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TRANSITION NO. X RAYS NO. X RAYS x NO. X RAYS x
n EXPERIMENTAL WEST WIDTHS B-S WIDTHS
7 6 0.237±0.042 0.346 6.7 0.345 6.7
6 5 0.36410.055 0.530 9.1 0.529 9.0
5 4 0.36110.54 0.631 25. 0.626 24.1
4 3 0.04710.008 0.152 172.3 0.151 169
7 5 0.04010.006 0.082 49.0. 0.081 46.7
6 4 0.03910.006 0.079 44.4 0.078 42.3
9 6 0.00810.002 0.015 12.3 0.015 12.3
8 5 0.01310.002 0.025 16.0 0.025 16.0
7 4 0.01510.003 0.025 11.1 0.024 9.0
9 5 0.00610.001 0.009 9.0 0.009 9.0
8 4 0.00610.002 0.011 6.3 0.011 6.3
32Table 4.4 . Comparison o f ab so lu te  in te n s it ie s  fo r
W idths fed in  fo r  le v e ls  (n,J) = (3,2) and (4,3) fo r  
use in  W est's form ula. Data from re f. [72]. 
a = 0.14; re f illin g  w id th  = 0.225 eV.
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TRANSITION NO. X RAYS NO. X RAYS x NO. X RAYS x
n ~ ^ n  EXPERIMENTAL WEST WIDTHS B-S WIDTHS
7 6 66.7111.2 54.8 1.13 55.2 1.05
6 5 100116.9 84.0 0.99 84.5 0.84
5 4 100114.9 100.0 0 100.0 0
4 3 13.112.25 24.2 24.3 24.1 23.9
7 5 11.111.69 12.9 1.13 1.26
6 4 10.811.69 12.5 1.01 12.4 0.90
9 6 2.2210.56 2.36 0.063 2.36 0.063
8 5 3.6110.56 3.90 0.27 3.91 0.29
7 4 4.1710.85 3.92 0.087 3.88 0.12
9 5 1.6710.28 1.46 0.56 1.45 0.62
8 4 1.6710.56 1.71 0.0051 1.69 1.28
32Table 4.4 . Comparison of re la tiv e  in te n s it ie s  fo r
Widths fed  in  fo r  lev e ls  (n,l) = (3,2) and (4,3) f o r  
use in  W est's form ula. D ata from re f. [72]. 
a = 0.14; re f il l in g  w id th  = 0.225 eV.
59
TRANSITION NO. X RAYS NO. X RAYS % NO. X RAYS x
n —^n EXPERIMENTAL WEST WIDTHS B-S WIDTHS
5 4 100.0+1.9 100.0 0 100.0 0
6 4 9.4610.37 12.5 67.5 12.4 63.1
7 4 3.4910.29 3.92 2.2 3.88 1.8
8 4 1.9810.34 1.71 0.63 1.69 0.73
7 5 11.713.6 12.9 0.37 13.0 0.41
8 5 3.1310.45 3.90 2.9 3.91 3.0
9 5 2.3110.75 1.46 1.3 1.45 1.3
4 3 25.912.2 24.1 3.2 24.1 3.2
32Table 4.4 . Comparison of re la tiv e  in te n s i t ie s  fo r
W idths fed in  fo r  lev e ls  (n,l) = (3,2) and (4,3) fo r  
use  in  W est's form ula. D ata from  re f. [63]. 
a = 0.14; re f il l in g  w idth = 0.225 eV.
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concluded th a t  on th e  whole th e  th e o re tic a l and ex p erim en ta l 
re la tiv e  in te n s it ie s  agree. This is  n o t to  d isco u n t th e  se v e ra l 
iso la ted  lin es  which seem c o n tra ry  to  th is  conclusion. From Table 
4.5, i t  is  seen  th a t  th e  re la tiv e  in ten sity , from G odfrey 's d a ta , 
of th e  4 -> 3 tra n s i t io n  fo r  S is  h a lf  th e  th e o re t ic a l  v a lu e . 
However, th e  B ackenstoss m easurem ent of th e  same lin e  is  tw ice as 
high, ra is in g  once again  th e  p o ss ib ility  of e r ro r  in  G odfrey 's 
experim ent. S im ilarly, th e  B ackenstoss va lu e  o f th e  9 -> 5 
re la tiv e  in te n s ity  (in Table 4.6) is  much h ig h e r  th a n  th e  
th e o re tic a l value, w hile th e  Godfrey m easurem ent is  low er and more 
sa tis fac to ry . I t  would seem th e re fo re  th a t  th e  conc lu sio n  above 
is  ju s tif ied .
There a re  no s ig n if ic a n t in te n s ity  d iffe ren ces  from  th e  two 
versions of th e  cascade ca lcu la tio n s . The d iffe re n c e s  th e re  a re  
are  neglig ib le w ith  re sp e c t to  th o se  ex istin g  betw een th e  two s e ts  
of experim ental da ta . T herefo re , th e  custom ary u se  o f W est's 
form ula and th e  use of only  a sm all number of w id th s in  cascade  
ca lcu la tions is  p e rfec tly  ju s tif ie d . The fa c t th a t  th e  in c o rre c t 
w idths which West's fo rm ula g ives do no t a ffec t th e  c a lc u la tio n  
means th a t  indeed  th e  s ta te s  to  which th o se  w id ths p e r ta in  a re  
nearly  empty.
In th e  cascade ca lc u la tio n s  of Godfrey, th e  a b so lu te  
in te n s itie s  tended  to  agree fo r  An = 1 tra n s itio n s  b u t to  d isag ree  
fo r  An = 2. In th is  ca lcu la tio n , th e  ab so lu te  in te n s i t ie s  te n d  to  
be d isc rep an t fo r  a ll  v a lu es  of An, w hile th e  r e la t iv e  in te n s i t ie s  
a re  in  general harmony. This sug g ests  th a t  had G odfrey com pared 
re la tiv e  in te n s itie s  in s tead , he would have sec u re d  b e t te r  
success. This has an im p lica tion  on th e  c u rre n t m u ltip lic ity  o f
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form s fo r  P(J): th e  num ber of such form s could  p ro b ab ly  be
reduced  i f  only re la t iv e  in te n s itie s  were com pared. I t  would 
ap p ear th a t  a  d iffe ren ce  in  norm alization which is  n o t recognized 
sometimes sp o ils  th e  agreem ent betw een th e o re tic a l  and 
experim ental ab so lu te  in te n s itie s . The e f fo r t  to  ach ieve 
agreem ent o f ab so lu te  in te n s it ie s  in  a ll cases is  p ro b ab ly  p a r tly  
re sp o n sib le  fo r  th e  la rg e  num ber of forms fo r  P(l).
D is to rtio n  of th e  w avefunction  by th e  s tro n g  p o te n tia l, as 
d iscussed  in  C hap ter 2, n o t only p rev en ts  th e  use  o f p e r tu rb a tio n  
th eo ry  to  ca lcu la te  th e  w id ths b u t a ffe c ts  o th e r  q u a n ti t ie s  as 
well. I t  is  u su a l to  c a lcu la te  ra d ia tiv e  and A uger r a te s  w ith  
hyd rogen -like  w avefunctions (which may be co rrec ted  fo r  th e  f in i te  
size of th e  n u c lea r charge, and th e  screen ing  o f atom ic e lec tro n s  
from th e  nucleus by th e  kaon) b u t obviously , fu ll  r ig o u r  
recommends th e  use  of d is to r te d  w avefunctions. As th e  d ipo le  and 
Auger o p e ra to rs  have th e i r  maximum values away from  th e  n u c leu s  - 
th e  region  of m ost d is to r tio n  - th e  e ffec t o f w avefunction  
d is to r tio n  on th e  re sp e c tiv e  w idths is  lik e ly  to  be sm all. 
N evertheless, th is  p o in t is  w orth  fu tu re  a tte n tio n .
As m entioned in  C hap ter 1, i t  is  a f re q u e n t p ra c tic e  to  
convert th e  X -ray y ield  fo r  th e  la s t-o b se rv ed  tra n s i t io n  to  a 
w idth. T heo re tica l know ledge of th e  ra d ia tiv e  w id th  is  n ecessa ry  
fo r  th is , and again, th e re  is  a need to  a ssess  th e  c o rre c tio n  to  
i t  due to  w avefunction  d is to rtio n .
In conclusion, only c irc u la r-o rb it  s ta te s  a re  ap p rec iab ly  
p o pu la ted  in  kaonic-atom  cascade, and o f th e se  only  a few 
c o n trib u te  m eaningfully  to  th e  com petition betw een ra d ia tiv e  and 
ab so rp tiv e  depopu la tion  o f o rb its , owing to  th e  fa c t  th a t  th e
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ab so rp tiv e  is  e ith e r  n eg lig ib le  o r overwhelm ing compared to  th e  
ra d ia tiv e  w idth fo r  th e  r e s t  of th e  s ta te s . And so W est's 
form ula, d esp ite  being d e riv ed  from in v a lid  p e r tu rb a tio n  th eo ry , 
is  adequate  fo r  use in  kaonic-atom  cascade ca lcu la tio n s .
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SECTION II
A VARIATIONAL INVESTIGATION OF THE KAONIC HYDROGEN
MOLECULAR ION
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SECTION II -  ABSTRACT
The kaonic hydrogen m olecu lar ion is  s tu d ied . Due to  th e  
la rg e  va lu e  of th e  kaon m ass in  re la tio n  to  th e  p ro to n  mass, th e  
Born-O ppenheim er approxim ation  and m ost o th e r  a d ia b a tic  m ethods do 
n o t apply  and th e  v a r ia tio n a l G aussian -expansion  m ethod is  used. 
The ion tu rn s  o u t to  e x is t only  in  th e  ground s ta te .  The b ind ing  
energy o f th is  s ta te  is  given. S tro n g -in te ra c tio n  e ffe c ts  a re  
found to  be im portan t, and v a lu e s  a re  given fo r  th e  s h if t  and 
ab so rp tio n  w idth. The k aon ic-hydrogen  s tro n g - in te ra c tio n  s h if t  
and w idth fo r  th e  p a r tic u la r  p o te n tia l  used  n a tu ra lly  appear. The 
im portance of co rrec tio n s  w hich a re  norm ally sm all, l ik e  th a t  due 
to  th e  p ro to n -p ro to n  n u c le a r  fo rce , is  s tre s se d . Some 
g en era liza tio n s  of th e  r e s u l ts  to  an tip ro to n ic  and sigm a-hyperon ic  
atom s a re  made. The G aussian -expansion  m ethod is  developed  
fu r th e r  and form ulas fo r  u se  in  com puting d ipole  t r a n s i t io n  m atrix  
elem ents o f th ree-b o d y  ions w hich p o ssess  ex c ited  s ta te s  a re  
given.
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CHAPTER FIVE - THE THREE-BODY PROBLEM
SECTION 5.1 -  INTRODUCTION
The num ber o f bound th ree -b o d y  system s h as  been  g re a tly  
in creased  by th e  ad v en t o f a rtif ic ia lly -p ro d u c e d  ch arg ed  "exotic" 
elem entary  p a r tic le s . Most of th ese  system s have a lre a d y  come 
un d er th e  sc ru tin y  o f re se a rc h  [1-9]. A consp icuous ex cep tio n  is  
th e  kaonic hydrogen m olecu lar ion. The ppK system  a p p e a rs  to  have 
received  no a tte n tio n  a t  a ll, and two fa c to rs  p ro b ab ly  acco u n t fo r  
th is . The f i r s t  is  th a t  m ost c u rre n t re sea rch  in to  th re e -b o d y  
sytem s is  im pelled by in te re s t  in  m uon-catalysed  h y d rogen  fu s io n  
[1-12] , w hile th e  ppK system  is  no t of d ire c t re le v a n c e  to  th e  
top ic . The second is  th a t  th e  mass o f th e  kaon w ould  seem to  
p ro h ib it  th e  use on th e  system  of th e  ad iab a tic  B orn-O ppenheim er 
m ethod of so lu tio n  [13-16], which is  u su a lly  th e  f i r s t  avenue of 
a ttack . Yet, th e  kaonic  hydrogen m olecular ion  is  a  system  
w orthy  o f s tudy . If  th e re  were no o th e r  rea so n  a t  a ll ,  th e re  
would be th e  a e s th e tic  p lea su re  of f i t t in g  in to  p la ce  one more 
p iece in  th e  jigsaw  of know ledge. But th e re  a re  m ore com pelling 
m otives.
F irs tly , th e  ro le  of th e  s tro n g  in te ra c tio n  in  m olecu lar 
system s is  an issu e  of in c reasin g  in te re s t  [17]. T h is fo rce  is
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much s tro n g e r in  th e  ppK system  th a n  in  th e  p ion ic  hydrogen 
m olecular ion and o th e r  th re e -b o d y  ions h e re to fo re  s tu d ied , and 
th e re fo re  m an ifests  i t s e l f  more s tro n g ly  in  th is  system . A 
fee ling  fo r  i t s  e ffec ts  in  th e  ppK case is  lik e ly  to  a s s is t  th e  
u n d erstan d in g  of S hyperon ic  and a n ti-p ro to n ic  hydrogen m olecu lar 
system s. Systems invo lv ing  th e  a n ti-p ro to n  and th e  sigm a h y p er on 
a re  coming more and m ore in to  th e  th e o re tic a l s p o tl ig h t as
la b o ra to ry  tech n iq u es  fo r  p roducing  heavy e lem entary  p a r t ic le s  
im prove [18,19].
Secondly, though  kao n ic  atom s a re  th o u g h t to  be w ell
understood , problem s rem ain in  reg a rd  to  kaonic hydrogen. For
th is  atom, th e  th e o re tic a l and experim en tal energy  s h if t  and  
ab so rp tio n  w idth have n o t y e t been s a tis fa c to r i ly  reco n c iled
[20-23]. In p a r t, th is  problem  may d eriv e  from th e  s tro n g  
in te ra c tio n  its e lf ,  th e  form  o f w hich betw een a kaon and  a p ro to n  
has y e t to  be d e fin itiv e ly  g iven  [24,25]. However, th e re  is  a 
p o ss ib ility  th a t  unrecogn ised  m olecular e ffe c ts  c o n tr ib u te  in  some 
m easure to  th e  d if f ic u ltie s . I t  is  hoped th a t  any su ch  e f fe c ts  
w ill be d e tec ted  th ro u g h  th is  work.
Thirdly, though  th e  Born-O ppenheim er approx im ation  w ould 
seem to  be d isq u a lif ied  from  th e  ppK case because  o f th e
re la tiv e ly  la rg e  kaon mass, i t  is  s t i l l  a  m a tte r  of im portance  to  
e s ta b lish  how poorly  i t  perfo rm s. For th is  reason , a t  le a s t  a 
rough assessm ent of i t s  perform ance sh o u ld  be c o n tra s te d  w ith  th a t  
of th e  v a r ia tio n a l tech n iq u e  (which is  th e  m ethod to  be
p rin c ip a lly  used). This w ould se rv e  to  h e lp  define  i t s  dom ain o f
ap p licab ility , and to  ju s t ify  th e  u se  of an a lte rn a tiv e  m ethod o f
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so lu tio n . Also th e re  is  a chance th a t  fo r  re a so n s  w hich a re  
p e rh ap s  h idden  ' from p re se n t u n d erstan d in g , th is  dom ain is  w ider 
th a n  m ight be expected . Many a th e o ry  in  P hysics has confounded  a 
p r io r i  an a ly s is  by y ield ing  re lia b le  re s u l ts  u n d e r co n d itio n s  fo r  
w hich i t  was n o t o rig in a lly  devised.
L astly , th is  work shou ld  fu n c tio n  as a  gu ide  to  experim en ts  
on th e  ppK ion.
The sp ec ific  aims in  th is  sec tio n  of th e  th e s is  a re  to  
c a lcu la te  basic  q u a n ti t i te s  fo r  th e  ppK ion; th e se  a re
(a) th e  en erg ies  of th e  bound s ta te s ,
(b) th e  energy  s h if t  due to  th e  s tro n g  in te ra c t io n  betw een 
th e  meson and th e  p ro to n s ,
(c) th e  r a te  of n u c lea r a b so rp tio n  of th e  kao n  re su lt in g  
from th e  s tro n g  in te ra c tio n ,
and
(d) th e  ex p ec ta tio n  v a lu es  of v a rio u s  pow ers of 
in te r -p a r t ic le  d istan ces.
In ad d itio n , fo rm ulas w ith  which to  c a lcu la te  d ip o le - tra n s it io n  
ra d ia tiv e  p ro b a b ilit ie s  a re  given in  one of th e  ap p en d ices , so 
th a t  an estim ate  to  X -ray in te n s it ie s  can be made.
SECTION 5.2 -  PLAN OF SECTION II OF THE THESIS
This c h a p te r  of th e  th e s is  is  d evo ted  to  a sk e tc h  o f th e  two 
main app roaches to  so lv ing  th e  th re e -b o d y  system , w ith  p a r t ic u la r  
em phasis on th e  ad iab a tic  m ethod and i t s  shortcom im gs. The more 
a p p ro p ria te  v a r ia t io n a l m ethod is  b r ie f ly  to u ch ed  upon , b u t is
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considered  in  g re a te r  th e o re tic a l d e ta il in  C hap ter 6. C h ap te r 7 
con ta in s th e  sp ec ia liza tio n  of th e  v a r ia tio n a l tech n iq u e  to  th is  
spec ia l problem. A d iscu ss io n  of ca lcu la tio n a l d e ta ils  in  C h ap te r 
8 p recedes th e  p re se n ta tio n  of th e  re su lts . F inally , th e se  a re  
d iscussed  and commented upon in  th e  C hap ter 9, w hich a lso  
con ta in s th e  conclusion. Appendix A con ta ins th e  tra n sfo rm a tio n  
of th e  th re e -b o d y  H am iltonian from lab o ra to ry  co o rd in a te s  to  
in te rn a l coo rd ina tes. A ppendix B con tains th e  e x p lic it  d e r iv a tio n  
of one of th e  m atrix  elem ents given in  C hapter 7. A ppendix C is  
devoted  to  th e  d e riv a tio n  of th e  ra d ia tiv e  d ipo le  m atrix  elem ent, 
and A ppendix D co n ta in s  th e  expression  fo r  th e  p ro b a b ility  
density .
SECTION 5.3 -  THE THREE-BODY SCHROEDINGER EQUATION
The fundam ental problem  facing  th e  ap p lica tio n  o f quantum  
m echanics to  system s con tain ing  more th an  two p a r t ic le s  is  th a t  no 
m atte r w hat fram e of re fe ren ce  is  used, th e  v a r io u s  co o rd in a te s  
a re  too  in tim ate ly  mixed fo r  th e  p a r t ia l  d if fe re n tia l  eq u a tio n  to  
s e p a ra te  in to  a num ber o f o rd in a ry  d iffe re n tia l eq u a tio n s . O ver 
th e  y ears, two main c la sses  of m ethods have evolved in  th e  e f fo r t  
to  overcome th is  problem: th e  ad iab a tic  and th e  v a r ia t io n a l.  The
basic  logic of th e  a d ia b a t ic . m ethod r e s t r ic ts  i t s  s im p ler and  
c ru d er v e rs io n s  to  system s in  which th e re  is  a m ass asym m etry, 
though  so p h is tic a ted  v e rs io n s  manage to  ap p ly  more 
com prehensively. The v a r ia tio n a l m ethod is  p e rfe c tly  v a lid  in  a ll  
system s and is  fo r  th is  reaso n  favoured  in  th is  th e s is .  However,
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in  m olecular quantum  m echanics, th e  ad iab a tic  B orn-O ppenheim er 
approxim ation is  p robab ly  th e  b e s t-e s ta b lish e d  o f a l l  th re e -b o d y  
approxim ation m ethods, and  i t  is  necessary  to  c le a r ly  show why 
an o th e r m ethod is  p re fe rre d . This ta sk  re q u ire s  th e  in i t ia l  s te p s  
in  th e  fo rm ula tion  of th e  th ree -b o d y  problem , and  th e y  a re  now 
given in  d e ta il because th e y  a re  p relim inary  to  a v a r ia t io n a l  
trea tm en t as well.
In th e  la b o ra to ry  system  of coord ina tes, th e  p a r t ic le s  a re  
id en tified  by th e  m asses m^, m^ and m^, w ith  re sp e c tiv e  
d isplacem ents x^, x^ and x^. The H am iltonian o p e ra to r  is
H = -h^V^/(2m ) -h^V^/(2m ) - h W j i Z m  )1 1 2 2 3 3
+ V(x^,x^,x^). (5.1)
U sually th e  p o te n tia l V is  a fu n c tio n  o f in te r -p a r t ic le  
d istances and mixes th e  n ine  lab o ra to ry  co o rd in a tes , so th a t  th e  
problem is  n o t eas ily  so lved  in  th is  coo rd in a te  system . A ctually , 
a t  le a s t th re e  of th e  c o o rd in a te s  a re  su p e rf lu o u s , s in ce  th ey  
describe  th e  m otion of th e  cen tre  of mass. In th e  absence  of 
e x te rn a l in flu en ces on th e  system , th is  m otion is  c o n s ta n t and  is  
of no in te re s t. The th re e -b o d y  system  sh a re s  th is  p ro p e r ty  w ith  
a ll o th e r  many-body system s, s ince q u ite  g en era lly , th e  
Ham iltonian alw ays commutes w ith  tra n s la tio n s  o f th e  c e n tre  of 
mass [26]. This fa c t can be ex p lo ited  by tran sfo rm in g  to  a  system  
of coo rd ina tes  in  w hich th e  term s e i th e r  co n ta in  th e  
cen tre-o f-m ass co o rd in a tes  alone o r th ey  do n o t a t  a ll. I t  is  
p ossib le  to  do th is  i f  th e  p o te n tia l energy is  a  fu n c tio n  of
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in te rp a r tic le  d istan ces  alone. Form ally, th is  is  accom plished by 
th e  general tran sfo rm atio n  of co o rd in a te s  [27-33]
X = (m^x^ + m^x^ + m^x^)/M , (5.2)
r  = Xg - x^ , (5.3)
R = Xg -  + ^gX ^)/(g^ + # 2 )' (5-4)
w here
M = m^ + mg + m^ . (5.5)
I t r e su lts  in  th e  H am iltonian changing to
Ht = -h^V^/(2M) - (h^/2M^)[7^ + (a/2)(7gV^+
+(a^/4)7^] -  h^V^/(2m^) + V(R,r), (5.6)
where
a  = (mg - m^)/(mg + m^) -  Og - ^^)/(gg + P^), (5.7)
w ith  (3^  and chosen accord ing  to  th e  type  of app rox im ation  to  be 
made. The masses a re
= m^^ + mg^ , (5.8)
and
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+ (m^ + nig) (5.9)
In th e  form ulas above, th e  choice o f r , and d ep en d en tly  th a t  
fo r  R, is  a rb itra ry , s ince  th e  d iffe ren ce  o f  any two 
lab o ra to ry -sy stem  d isp lacem ents is  eq u iv a len t to  th e  one chosen. 
A ltogether, th e re  a re  th re e  s e ts  of eq u iv a len t tra n sfo rm a tio n s . A 
more com plete d iscu ss io n  o f th e se  tran sfo rm a tio n s  is  u n d e r ta k e n  in  
C hap ter 7. The tran sfo rm atio n  of th e  H am ilton ian  which 
accom panies each such choice is  fu lly  deriv ed  in  A ppendix  A.
Only th e  f i r s t  term  on th e  r ig h t-h a n d  s id e  o f  (5.6) is  a 
fu n c tio n  of X. A p ro d u c t form  fo r  th e  w avefunction
^(X,r,R) = %(X)^(r,R) (5.10)
re s u lts  in  th e  S chroedinger equation  sep a ra tin g  in to  tw o  p a r ts
-h^V^z(X) = 2ME^^z(X) (5.11)
and
H(/>(r,R) = E0(r,R), (5.12)
w here
H = -(h^/2M j[7^ +(a/2)(Vjj7^ + 7^7^) + (a^/4)7^]
-h^7^/(2m j + V(r,R). (5.13)
76
In (5.12), is  th e  energy  of th e  motion o f th e  c e n tre  of 
mass and E is  th e  in te rn a l  energy  of th e  system;
In so far as th e  num ber o f co o rd in a tes  has been red u ced  to  s ix  
from th e  o rig in a l n ine, (5.13) re p re se n ts  a c o n s id e ra b le  
s im plifica tion  of th e  system . N evertheless, th e  S ch ro ed in g er 
equation  is  s t i l l  in tra c ta b le ; i t  is  a t th is  p o in t th a t  
approxim ations are  made. The f i r s t  c lass  of app rox im ation  is  th e  
ad iab a tic  method.
SECTION 5.4 -  THE ADIABATIC APPROXIMATION
In th e  ad iab a tic  m ethod, th e  w avefunction is  expanded  in  
term s of th e  so -ca lled  a d ia b a tic  b asis . These a re  th e  
w avefunctions fo r a n eg a tiv e ly -ch arg ed  p a r tic le  moving in  th e  
Coulomb f ie ld  of two p o s itiv e ly -ch a rg ed  p a r tic le s  a t  r e s t .  F or 
th e  p a r tic u la r  co o rd in a tes  defined  in  th e  la s t  s e c tio n , th e  
clamped p a rtic le s  would ta k e  th e  lab e ls  1 and 2. In te rm s o f th e  
ad iab a tic  basis , th e  so lu tio n s  a re  [14]
(^(r,R) = ^^(r,R)4'^(r), (5.14)
where th e  (p^  a re  th e  so lu tio n s  of th e  tw o -cen tre  problem  and  th e  
are  expansion co effic ien ts .
The tw o-cen tre  problem  is  sep a rab le  in  confocal e l l ip t ic a l  
coordingites [34], fo r  which = pg = 1; th is  choice c o rre sp o n d s  
to  m easuring th e  d isp lacem ent o f th e  th ird  p a r t ic le  from  th e  
geom etrical cen tre  of th e  lin e  jo in ing  p a r tic le s  1 and  2. I f  in
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ad d itio n  = iHg , th e  in te rn a l H am iltonian (5.13) becomes [27-33]
and th e  tw o -cen tre  problem  is
-(h^/2m^)V^ y.(r,R ) + V(r.R)y.(r,R) = e .y .(r,R ). (5.16)
w here is  th e  energy fo r  th e  tw o -cen tre  so lu tio n  c h a ra c te r is e d  
by th e  quantum  num ber i.
Since p a r tic le s  1 and 2 a re  f ix ed  fo r  th e  p u rp o se  of 
com puting th e  tw o -cen tre  w avefunctions, y(r,R) is  re a lly  a 
param etric  function  of r  = | r | ,  which ap p ears  only  in  th e  term  fo r  
th e  Coulomb in te ra c tio n  betw een th e  fix ed  p o s itiv e  ch arg es. The 
term  is  a co n stan t which has th e  e ffe c t o f a lte r in g  th e  o rig in  of 
energy m easurement; i t  can th e re fo re  be ignored  and added  to  th e  
tw o -cen tre  energy a f te r  so lu tio n . Thus th e  tw o -c en tre  problem  
changes from
-(h^/2m^)9^y^ - (e^/r^^ + e^/r^^ -  e^/r)y^ = e.^ <p^  (5.17)
to
w here r^^ is  th e  sep a ra tio n  of p a r tic le s  k  and 1. The
connection  betw een e . and e . is
1 1
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2/
Obviously, th e  choice of r  is  such th a t  r  = r^g.
The so lu tio n s  o f (5.17) a re  u ltim ate ly  ob ta in ed  num erically . 
T abula tions have been made and a re  av a ilab le  in  th e  l i t e r a tu r e  
[31,35-38]. The tw o -cen tre  problem  is  a f ie ld  of s tu d y  in  i t s  own 
rig h t; an example o f th e  l i te r a tu r e  devoted  to  i t  is  p ro v id e d  by 
re feren ces [39-55].
On in se rtin g  th e  s e r ie s  (5.14) in to  (5.12), m u ltip ly in g  by
*
<p^ and in teg ra tin g  o v er th e  co o rd in a tes  of th e  tw o -c e n tre  problem , 
an in fin ite  system  o f in te g ro -d if fe re n tia l eq u a tio n s  i s  o b ta in ed  
fo r  th e  co e ffic ien t fu n c tio n s  4»^  [31,38,56]. Thus (5.12) becom es
-(h^/2M )S. J'y*7^(y.4^.)dR + S. y.dR4^.= EZ.S(p*<p.dR (5.19)a 1 r ^ i  r  i  o^i i i j i  i
where is  th e  H am iltonian of th e  tw o -cen tre  problem  g iven  by 
expression  (5.16).
Using th e  o rth o g o n a lity  of th e  members o f th e  a d ia b a tic  
basis , and th e  w ell-know n v e c to r  id e n tity
where f^ and fg are  a p p ro p ria te  fu n c tio n s , (5.19) is  r e c a s t  as
-(h^/2M + (e. + e^ /r -  E)*.a ' r  j j J
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= (h^/2M J Z .[27^ $..fÿ*7^ ÿ^ dR  + « . f y V y . d R  ] (5.20)
fo r  every  j.
V arious degrees o f th e  ad iab a tic  app rox im ation  a re  
d is tin g u ish ed  by th e  e x te n t to  w hich term s on th e  r ig h t-h a n d  s id e  
of (5.20) a re  ignored  to  f a c i l i ta te  so lu tio n  [57,58]. The m ost 
d ra s tic  form is  th e  Born-O ppenheim er approxim ation  [13-16], in  
which th e  r ig h t-h an d  s ide  is  d isca rd ed  a lto g e th e r.
SECTION 5.5 -  THE BORN-OPPENHEIMER APPROXIMATION
The Born-Oppenheim er approxim ation  is  designed  fo r  cases  
w here one of th e  th re e  m asses is  much sm aller th a n  th e  o th e r  two. 
Then, th e  la rg e r  m asses move much more slow ly th a n  th e  sm aller 
one, and in  th e  period ic  tim e o f th e  m otion o f th e  la t t e r ,  th e  
form er have hard ly  sh if te d  p o s itio n  a t  a ll. Thus, th e  energy  o f 
th e  m otion of th e  lig h t p a r t ic le  is  accu ra te ly  g iven  by th e  
so lu tio n s  of th e  tw o -cen tre  problem . When th is  h as  been 
com pletely solved, th e  fu n c tio n a l dependence o f e on r  is  
ob tained . Together w ith  th e  e le c tro s ta t ic  in te ra c tio n  betw een  th e  
two heavy p a rtic le s , th is  energy  is  e ffec tiv e ly  a  p o te n tia l  
governing th e  motion of th e se  two p a r tic le s . The S ch ro ed in g er 
equ a tio n  to  be solved fo r  th is  m otion is  p rec ise ly  (5.20) w ith  th e  
r ig h t-h a n d  side le f t  out.
The sm aller th e  ra t io  o f th e  sm aller mass to  th e  red u ced  
mass o f th e  two la rg e r  ones, th e  b e t te r  th e  B orn-O ppenheim er 
approxim ation. For th is  reaso n , th e  hydrogen m olecu lar ion  is  
p a r tic u la r ly  w ell-approxim ated  in  th is  p ic tu re , and was s tu d ie d  by
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th is  means early  on [15,16]. Mesonic system s a re  m ore c rudely  
dep ic ted , s ince th e  n egative  p a rtic le  is  a t  le a s t  200 tim es 
la rg e r, b u t even h e re , fo r  excited  s ta te s , th e  app rox im ation  has 
ach ieved  f a i r  r e s u l ts  [59].
For th e  ppK system , th e  ra tio  of th e  kaon to  th e  reduced  
mass o f th e  two p ro to n s  is  alm ost un ity . I t  th e re fo re  ap p ears  
u n lik e ly  th a t  th e  Born-Oppenheim er method can be p ro f ita b ly  
app lied  to  th is  ion. To see th is  more clearly , i t  i s  u se fu l to  
view  th e  Born-O ppenheim er method from an o th e r p e rsp ec tiv e . I f  th e  
to ta l  p o te n tia l energy and th e  k in e tic  o p e ra to r  f o r  th e  l ig h t  
p a r t ic le  a re  tak en  as c o n s titu tin g  th e  in i t ia l  H am iltonian, th e  
th re e -b o d y  problem  can be so lved  by p e r tu rb a tio n  th e o ry  w ith  th e  
k in e tic  o p e ra to r  o f th e  o th e r  two p a rtic le s  as th e  p e r tu rb a t io n  
[13,60]. This p rocedure  is  eq u iv a len t to  th e  ap p ro ach  th a t  has 
been tak en  so fa r . The zero th -o rd e r so lu tio n s  fo r  th e  
w avefunction  and th e  energy a re  th e  tw o-cen tre  w avefunctions. The 
com plete se rie s  so lu tio n s  a re  in  terms of th e  ex pansion  p aram eter
1 / 4
w here m^ is  th e  kaon mass and fx th e  p ro to n -p ro to n  red u ced  mass. 
The Born-O ppenheim er approxim ation  re su lts  from ta k in g  th e  f i r s t  
two term s only in  each se rie s . I t  is  ev iden t th a t  s in ce  th e  
expansion  param eter is  alm ost u n ity  fo r  th e  ppK case, th is  
c o n s titu te s  a se rio u s  o v er-s im p lifica tio n  of th e  a c tu a l so lu tio n . 
The convergence o f th e  p e r tu rb a tio n  se rie s  is  in  d o u b t and th e  
f i r s t  few term s may c o n s titu te  no g rea t f ra c tio n  o f e i th e r  th e
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energy o r th e  p ro b ab ility  density .
Even i f  th e  Born-O ppenheim er approxim ation was v a lid  in  th e  
ppK case, considerab le  d if f ic u lty  would have to  be su rm ounted  to  
deal w ith  th e  s trong  in te ra c tio n . The s tro n g -in te ra c tio n  term s in  
th e  H am iltonian would be a sso c ia ted  w ith  th e  tw o -cen tre  problem , 
which would n e c e ss ita te  anew th e  lab o u r of so lv in g  i t .  
P e rtu rb a tio n  th eo ry  m ight be considered  as an a lte rn a tiv e , b u t as 
has been d iscussed  in  Section  1, C hap ter 2, i t s  u se  in  kaon ic  
system s is  n o t s tra ig h tfo rw a rd . The complex energy s h i f t  is  sm all 
enough re la tiv e  to  th e  to ta l  energy to  s a tis fy  th e  f i r s t  co n d itio n  
fo r  th e  v a lid ity  of th is  p rocedure . But th is  on i t s  own is  n o t 
su ffic ien t; in  add ition , th e  p e r tu rb a tio n  m ust no t r e s u l t  in  th e  
new system  having a g rea tly -ch an g ed  w avefunction  from  th e  
o rig ina l. U nfortunately , th e  w avefunction does g e t b ad ly  
d is to r te d  in  th e  v ic in ity  o f kaonic-system  nuclei (as d isc u ssed  
more fu lly  in  C hapter 2).
SECTION 5.6 -  AN ESTIMATE OF THE VALIDITY OF THE BORN-OPPENHEIMER 
APPROXIMATION IN A GIVEN CASE
According to  th e  Born-O ppenheim er approxim ation, th e  energy  
of th e  th ree-b o d y  system  is  com prised of sev e ra l p a r ts .  The 
f i r s t  co n trib u tio n s  is  due to  th e  motion o f th e  l ig h t  
negative ly -charged  p a r tic le  in  th e  Coulomb f ie ld  of th e  two h eavy  
p a rtic le s . The second c o n tr ib u tio n  E comes from v ib ra tio n s  o f
^  v i  b
th e  heavy nuclei ab o u t th e i r  p o s itio n s  -  fo r, a lth o u g h  th e  
tw o -cen tre  problem  was so lved  fo r  a se rie s  of in te r - p a r t ic le
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d is tan ce s , th e  two nucle i a re  ac tu a lly  in  th e  v ic in ity  of th e  
equ ilib rium  sep a ra tio n  r^  which is  sim ply given by th e  se p a ra tio n  
a t  w hich th e  p o te n tia l energy is  minimum. This p o te n tia l  is
u(S j,r) = Cj + e^ /r . (5.21)
There is  a th ird  co n tr ib u tio n  to  th e  energy, due to  ro ta tio n  
of th e  ion, b u t i t  is  much sm aller th an  th e  f i r s t  two 
c o n trib u tio n s .
In th e  p ic tu re  ju s t  sk e tched , th e  cond ition  fo r  v a lid ity  of 
th e  Born-O ppenheim er method is  th a t  th e  v ib ra tio n a l energy  sh o u ld  
be much sm aller th an  th e  energy of th e  l ig h t p a r tic le . The r a t io  
o f th e  two energ ies  can alw ays be found a f te r  th e  ca lc u la tio n  has 
been perform ed; however, a sim ple estim ate  b ased  on th e  
U ncerta in ty  P rincip le  g ives a good answ er to  th e  q u e s tio n  [61].
If  th e  lin e a r  dim ensions of th e  m olecular ion a re  of o rd e r  
d, th en  th e  negative  p a r tic le  has an energy, by th e  U n certa in ty  
P rin c ip le ,
e ~ h^Z(mgd^) , (5.22)
from w hich is  deduced an ex p ress io n  fo r  th e  energy by rep lac in g  d 
by th e  in te r-n u c le a r  d is tan ce  r. m^ is  th e  mass o f th e  l ig h t  
p a r tic le .
The energy  of v ib ra tio n  of th e  n u c le i is
= h(k/n)^/^ , (5.23)
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w here fi is  th e i r  reduced  m ass and k  is  a h a rm o n ic -o sc illa to r fo rce  
co n stan t.
Since th e  heavy p a r t ic le s  s ta y  in  th e  v ic in ity  of th e  
equ ilib rium  sep a ra tio n , i t  is  a good approxim ation to  ex p re ss  th e  
p o te n tia l energy n ea r th a t  p o in t in  a power s e r i e s ’ in  th e  
param eter (r-d) . The l in e a r  term  n ecessarily  v a n ish e s  and  th e  
f i r s t  two term s in  th e  expansion  only are  re ta in e d . The 
co n tr ib u tio n  to  th e  d e r iv a tiv e  from th e  second te rm  in  (5.21) 
v an ish es  because th e  two n u c le i s ta y  in  th e  v ic in ity  o f th e  
equ ilib rium  p o s itio n  and th e i r  e le c tro s ta tic  re p u ls io n  is  
co n stan t. Thus,
u = -D + k(r-d)^/2, (5.24)
w here D is  th e  d isso c ia tio n  energy. Comparing th e  e x p re ss io n  to  
th e  Taylor expansion , th e  v a lu e  of k  is  found as
and from (5.22),
k  -  e/d^ . (5.26)
Thus,
E = h(c/pd^) « h^/d^(m^fi)^^^ « , (5.27)V 1 D Ô J
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so th a t  fin a lly ,
E^ ^ J e  = . (5.28)
As an o rder-o f-m agn itude  estim ate , th is  fo rm ula  is  fa ir ly  
good. For th e  o rd inary  hydrogen m olecular ion , i t  p re d ic ts  a 
r a t io  o f 3.2% (as opposed to  th e  a c tu a l va lue  o f 2% [62]). For 
th e  p ion ic  hydrogen m olecular ion, i t  g ives 54%, w hile th e  exact 
v a lu e  is  34% [59]. The h igh  ra tio  fo r  th e  l a t t e r  case  in d ica te s  
th a t  th e  ap p lica tio n  of th e  Born-O ppenheim er m ethod to  th a t  ion  is  
d o u b tfu l; indeed  th e  g ro u n d -s ta te  energy  o f -243.1 eV o b ta in ed  in  
[59] com pares un favourab ly  w ith  th e  more re lia b le  v a lu e  o f -294.7 
eV found  h ere  in  an ap p lica tio n  o f th e  v a r ia t io n a l m ethod.
On using  th e  form ula on th e  ppK system  a r a t io  o f 1.03 is  
found. This ra t io  confirm s w hat fundam ental c o n s id e ra tio n s  had 
suggested : th e  Born-O ppenheim er tech n iq u e  canno t be u sed  re lia b ly  
on th e  ppK ion.
SECTION 5.7 - FURTHER COMMENTS ON THE ADIABATIC METHOD
H ig h er-o rd er term s in  th e  p e r tu rb a tio n  s e r ie s  a r is e  from  th e  
"ad iab a tic  co rrec tio n s"  on th e  r ig h t-h a n d  s ide  o f (5.20). Much 
e f fo r t  h as  gone in to  th e  com putation  o f a t  le a s t  some o f th e se  
term s [10,31,38,63-72]. But because  o f th e  size o f th e  expansion  
p aram eter in  th e  ppK case, th e se  c o rre c tio n s  p ro b ab ly  ex e rc ise  
l i t t l e  o r  no in flu en ce  on th e  accuracy.
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I t  is  n ecessa ry  to  modify th e  pu re  ad iab a tic  m ethod in  o rd e r  
to  widen i t s  scope to  com prehend such system s as th e  ppK ion. The 
ta sk  h as  been ad d ressed  [31,38,56] and co n s is ts  in  adm ixing some 
v a r ia tio n a l a sp e c ts  in to  th e  form ulation . Though th e  design  is  
achieved, i t  is  a t  th e  p ric e  of excessive  com plexity . In 
c o n tra d is tin c tio n , th e  p u re  v a r ia tio n a l m ethod is  much more 
s tra ig h tfo rw a rd  to  use, and fo r  th is  reaso n  is  p re fe r re d  here .
An e x ten s iv e  l i te r a tu r e  a t te s ts  to  th e  su ccess  o f th e  
a d iab a tic  m ethod on ap p ro p ria te  system s. The p a p e rs  l is te d  in  
th is  c h a p te r  to g e th e r  w ith  re fe ren ces  [73-81] lead  by 
c ro ss -re fe re n c e  to  th e  b u lk  of th e  rem ainder of th e  l i te r a tu r e .
SECTION 5.8 -  THE VARIATIONAL METHOD
The v a r ia tio n a l m ethod is  app lied  to  a system  by gu essin g  a 
form fo r  th e  w avefunction  and using i t  to  compute th e  e x p e c ta tio n  
value o f th e  energy. The p ro ced u re  is  based  on th e  f a c t  th a t  fo r  
th e  g round  s ta te  o f th e  system  in  every  case, and fo r  th e  ex c ited  
s ta te s  i f  th e  t r i a l  fu n c tio n s  a re  se lec ted  in  a c e r ta in  way, th e  
approxim ation  to  th e  energy has c e r ta in  bounding p ro p e r t ie s  in  
re la tio n  to  th e  ac tu a l v a lu e  [82]. These bounds f a c i l i ta te  a  
system atic  m ethod o f im proving th e  te s t  fu n c tio n s , and  th e re b y  th e  
approxim ations to  th e  energ ies. Cood choices o f  th e  t r i a l  
fu n c tio n s , p o ss ib le  by ca re fu l an a ly sis  of th e  H am iltonian , lead  
to  v ery  ac c u ra te  en erg ies  and  w avefunctions.
The v a r ia tio n a l  tech n iq u e  is  p e rfe c tly  g en era l inasm uch  as 
i t  is  n o t co n s tra in e d  by th e  v a lu es  which th e  p a r t ic le  m asses may
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assume. However, as in  many o th e r  problem s, th e  c o o rd in a te s  in  
which th e  problem  is  ex p ressed  a re  an im p o rtan t issu e . They 
p a r tly  d ic ta te  th e  choice o f t r i a l  fun c tio n , and in  co n ju c tio n  
w ith  one an o th er, th e se  two fa c to rs  a re  re sp o n s ib le  fo r  a 
d iv e rs ity  o f fo rm ulations in  th e  l i te ra tu re .  Of th e  num erous 
v a r ia n ts , th e  G aussian-expansion  m ethod of Kamimura [17,83-85] is  
used  in  th is  th e s is .
The p o ss ib ili t ie s  o f  th e  v a r ia tio n a l tech n iq u e  have been 
ex p lo ited  in  m olecular quantum  m echanics from th e  v e ry  e a r l ie s t  
days. As ea rly  as 1929, th e  g round  s ta te  of th e  helium  atom had  
been s tu d ie d  by th a t  means [86]. Numerous o th e r  a p p lic a tio n s  on a 
wide range of system s have fo llow ed th a t  exam ple o v er th e  years . 
A sam ple o f th e  l i te r a tu r e  is  g iven  by re fe ren ces  [2-5,87-93]. A 
n o ticeab le  fe a tu re  of th e se  ca lcu la tio n s , is  th a t  th ey  a re  
confined to  th e  ground s ta te .  F or excited  s ta te s ,  v a r ia tio n a l 
c a lcu la tio n s  tend  to  s u ffe r  from  excessive  com plexity , u n le ss  th e  
t r i a l  fu n c tio n  is  chosen v e ry  re s tr ic te d ly .
The theorem s u n derly ing  th e  v a r ia tio n a l m ethod a re  p re se n te d  
w ith  some r ig o u r in  th e  n ex t ch ap te r. D etailed  d iscu ss io n  is  
d e fe rred  to  th a t  occasion.
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CHAPTER SIX -  THE THEORY OF THE VARIATIONAL METHOD 
SECTION 6.1 -  THE FOUNDATIONS OF THE VARIATIONAL METHOD
In th is  ch ap te r, a  sy stem atic  b as is  fo r  th e  u se  o f th e  
v a r ia tio n a l m ethod in  o b ta in in g  approxim ate w av efu n c tio n s  and 
energ ies fo r  a quantum -m echanical system  is  e s ta b lish e d . The 
v a r ia tio n a l tech n iq u e  p erv ad es  th e  so lu tio n  of p rob lem s in  Physics 
and M athem atics and fo r  th is  reaso n  ex p o sitio n s  o f i t  a re  common 
in  books on d iffe re n tia l  eq u a tio n s; an exam ple is  th e  te x t  by 
Kopal [94]. O rig inally , th e  m ethod was developed  by  Rayleigh 
[95], Weber [96], Poincare* [97], F isch er [98], P o lya  [99] and 
Weyl [100,101]. The m a te ria l con ta ined  in  th is  c h a p te r  is  
composed from th e  te x ts  by E pstein  [82], W einsten and  S tenger 
[102], Gould [103], and Kopal.
In quantum  m echanics, th e  v a r ia tio n a l m ethod is  b u i l t  a ro u n d  
th e  ex p ec ta tio n  v a lu e  o f th e  energy of th e  system  u n d e r 
co n sid e ra tio n . For any t r i a l  fu n c tio n  th e  e x p e c ta tio n  v a lu e  of 
th e  energy is
E = IHI ^>/<^ I ^>, (6.1)
w here H is  th e  Ham iltonian o p e ra to r  fo r  th e  system . The fo llow ing
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theorem s re la tin g  to  E and \j) c o n s ti tu te  th e  fo u n d a tio n s  o f th e  
v a r ia tio n a l ' approxim ation.
Theorem 1: If  th e  t r i a l  fu n c tio n  ijj is  th o u g h t o f as being  a
con tinuously  v a riab le  q u a n tity , th e  e igenvalues o f H a re
s ta tio n a ry  p o in ts  o f E as  a  fu n c tio n a l o f ifj.
Theorem 2: E in  (6.1) h as  no s ta tio n a ry  p o in ts  a p a r t  from
th o se  which correspond  to  e igenvalues of H, and a t r i a l  fu n c tio n  
which corresponds to  a s ta t io n a ry  p o in t is  an e ig en fu n c tio n  o f H.
Theorem 3: The sm alle s t e igenvalue  of H is  n o t only  a
s ta tio n a ry  po in t of E as a fu n c tio n a l of i/t b u t is  th e  a b so lu te  . 
minimum. The h ig h er e ig en v a lu es  a re  sadd le  po in ts.
Theorem 4: The s ta te s  o f H may be c lassed  in to  ty p e s  accord ing  
to  any constra in ing  p rin c ip le  on th e  sytem  or o th e r  o b se rv a b le s  
which commute w ith th e  H am iltonian, and th e  sm allest e ig en v a lu e  o f 
H fo r  s ta te s  of a given ty p e  is  th e  ab so lu te  minimum o f E as  a 
fu n c tio n a l of th a t  type o f t r i a l  fu n c tio n s .
Theorem 5: Theorems 1 and 2 apply  s e p a ra te ly  to  th e
eigenfunctions and e igenvalues o f each d is tin c t type.
Theorem 6: If  th e  t r i a l  fu n c tio n  in  (6.1) is  chosen  to  be
o rthogonal to  e igen functions a sso c ia ted  w ith  e ig en v a lu es  sm alle r
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th a n  a g iven value of E, th en  th is  e igenvalue  is  an  ab so lu te  
minimum w ith  re sp ec t to  t r i a l  fu n c tio n s  o f th e  new type.
SECTION 6.2 -  COMMENTS ON THE THEOREMS
Theorems 1-6 alm ost su ff ic e  to  s u s ta in  th e  v a r ia tio n a l  
m ethod in  p ra c tic a l ca lcu la tio n s. A ccording to  Theorem  1, th e  
m ethods of calcu lus fo r  lo ca tin g  th e  s ta t io n a ry  p o in ts  o f a 
fu n c tio n  of sev era l v a riab le s  can be d ire c tly  ad o p ted  to  f in d  th e  
e igenvalues of H once a good choice fo r  th e  t r i a l  w av efu n c tio n  has 
been made. A l i t t l e  re f le c tio n  show s th a t  th e  v a lu e  of th is  
theorem  is  weakened o r p e rh ap s  d es tro y ed  i f  some o f th e  s ta tio n a ry  
p o in ts  of E in  (6.1) do n o t co rresp o n d  to  e ig en v a lu es . I t  is  an 
im p o rtan t question  w hether any o f th e  s ta t io n a ry  p o in ts  a re  
sp u rio u s  from the  quantum -m echanical veiw poin t, and  need  to  be 
s if te d  from those  which a re  a c tu a lly  ap p rox im ations to  th e  energy. 
I t  is  th is  very  problem w hich Theorem 2 ad d re sse s  and  re so lv es . 
Every s ta tio n a ry  p o in t o f E as a fu n c tio n a l o f  0 is  an 
approxim ation  to  an eigenvalue.
The n ex t q u estio n  o f in te re s t  is  th e  accu racy  o f th e  
approxim ate eigenvalues. For th e  low est e ig en v a lu e  o f a 
H am iltonian, th e  answ er is  su p p lied  by Theorem 3. The v a r ia t io n a l  
m ethod always o v er-es tim ates  th e  energy. An im provem ent in  th e  
t r i a l  fu n c tio n  is  m anifested  in  a low er ap p ro x im a tio n  to  th is  
e igenvalue.
Unless the  excited  s ta te  is  o f a d if fe re n t  sym m etry o r  type 
from  th e  s ta te  of low est energy. Theorem s 1-6 do n o t make any
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s ta tem en t abou t approx im ations to  i t s  energy. This q u e s tio n  has 
n o t been reso lved  in  genera l, and a p a r t ia l  answ er to  i t  aw aits  a 
p a r t ic u la r  sp ec ia liza tio n  of th e  v a r ia tio n a l m ethod - th e  
so -ca lled  l in e a r-v a r ia tio n  method. However, i f  th i s  s ta te  is  
indeed d is tin c t in  symmetry o r type from o th e r  s ta te s  o f th e  
H am iltonian, th en  th e  approx im ation  to  i t s  energy is  alw ays too  
high, because Theorem 4, which is  ev id en tly  a g e n e ra lis a tio n  of 
Theorem 3, app lies  to  i t .  As a m a tte r  of fa c t, th e  v a lu e  of 
Theorem 4 goes beyond th is ;  th is  theorem  makes p o ss ib le  th e  
ap p lica tio n  of th e  v a r ia tio n a l m ethod in  p rac tice . The lo w est 
energy of th e  H am iltonian does n o t n ecessa rily  d e fin e  th e  g round  
s ta te  of a system. For exam ple, th o u g h  th e  Is  s ta te  in  an  atom  is  
th e  ground s ta te , th e  P au li exc lusion  p rin c ip le  p re v e n ts  a ll  b u t 
two e lec tro n s  from occupying it .  I f  Theorem 3 ap p lied  on ly  to  th e  
ab so lu te  low est s ta te  of th e  sytem, th e  v a r ia t io n a l c a lc u la tio n  
would y ield  th e  erro n eo u s r e s u l t  th a t  a ll  th e  e le c tro n s  in  an atom  
occupied th e  Is  s ta te . I t  is  th e re fo re  an im p o rtan t r e s u l t  th a t  
to  g e t physica l g ro u n d -s ta te  energ ies, a ll  th a t  need  b e  done is  to  
in co rp o ra te  th e  p rin c ip le  w hich d if fe re n tia te s  th e  v a r io u s  s ta te s  
o f th e  system  in to  th e  te s t  fun c tio n .
According to  Theorem 5, Theorem 2 app lies  to  e ig en v a lu es  and  
e igenfunctions of s ta te s  of any type. T herefore , th e  p r in c ip le  
th a t  every  s ta tio n a ry  p o in t is  an approx im ation  to  some e ig en v a lu e  
em braces every c la ss  of s ta te s .
Theorem 6 is  a g en era liza tio n  o f Theorem 4 fo r  th e  p u rp o se  
o f find ing  th e  n ex t h ig h e r e igenvalue  once a ll th e  sm a lle r  ones 
have been located . I f  th e  new t r i a l  fu n c tio n  has been  chosen  so
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as to  be o rthogonal to  th o se  fo r  th e  energ ies  a lread y  found, th en  
i t  obv iously  belongs to  a d if fe re n t type  and m ust co rresp o n d  to  
one o f th e  h ig h er eigenvalues. I f  a ll  such  t r i a l  fu n c tio n s  are  
used  in  (6.1), then  th e  req u ired  n e x t s ta te  is  d efin ed  by th e  
sm allest energy found. In th is  way, in  th e o ry  a t  le a s t,  a ll  th e  
so lu tio n s  fo r  a given H am iltonian can be sy stem atica lly  
co n stru c ted .
SECTION 6.3 -  PROOFS OF THE THEOREMS 
P roof o f Theorem 1.
In (6.1) le t  be a n o th e r  t r i a l  fu n c tio n  d iffe r in g  from  iJj 
by a q u a n tity  A. Thus
^ = 0' + A , (6.2)
so th a t  w hile
E = <^|H|^>/<^|^>, (6.1)
E* = <^’ iH |^ ’>/<^'i^’> . (6.3)
In se rtin g  (6.2) in  (6.1) y ie ld s
E = (E'<|^ * I I HI A>+<A I H I *^>+<A | H | A>)/<  ^| . (6.4)
From (6.2) i t  follow s th a t
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E'<^'|^'> = E'(<0 I I A>-<A I /^r'>-<A I A>), (6.5)
so th a t  a f te r  in se r tin g  (6.5) in  p lace of th e  f i r s t  term  on th e  
r ig h t-h a n d  s id e  of (6.4), th e  ex p ressio n
E = E' + <\li' I (H-E*) I A>+<A 1 (H-E*) I »/>*>+<A I (H-E*) I A> (6.6)
I
is obtained . Since H-E is  H erm itian,
<^'I (H-E') I A> = <(H-E)|^'|A> , (6.7)
and so (6.6) becomes
E = E' + <(H-E')i/>* I A>-KA I (H-E')U*>+<A l(H-E*)l A>. (6.8)
<1^  I
If ijj' is  an a c tu a l e igenfunction  of H, th en  by d e f in itio n ,
(H-E')^' = 0. (6.9)
In th a t  case, th e  energy given by th e  approxim ation  tjj is
E = E' + <a |(H -E ') |a>/<^|0> . (6.10)
Thus, th e  d iffe ren ce  betw een th e  exact energy  E' and  th e  
approxim ation E is  seco n d -o rd er in  th e  d iffe ren ce  betw een  th e  
w avefunctions. The van ish in g  of th e  f i r s t - o r d e r  te rm s in  A is
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p rec ise ly  th e  condition  th a t  defines th e  s ta tio n a ry  p o in ts  o f E as  
a fu n c tio n a l of \p. Thus Theorem 1 is  proved.
Proof Of Theorem 2.
Let E' be a s ta tio n a ry  p o in t o f E. This means th a t  th e  
f ir s t-o rd e r  term s in  (6.8) v an ish  fo r  every  choice o f A. Thus
<(H-E’)0’ | a> + <a |(H -E’)^'> = 0 , (6.11)
fo r  every  choice of A. If  i t  is  p o ssib le  fo r  E' to  be a 
s ta tio n a ry  po in t of E b u t n o t an eigenvalue of H, th e n  A can be 
chosen as
A = a(H-E')^' , (6.12)
w here a is  a con tinuously  v a ria b le  number. Using (6.12) in  
(6.11), th e  equation
(«* + a)<(H-E’>/r' | (H-E')^'> = 0 (6.13)
is  obtained. Therefore, u n less  a = 0,
(H-E')i/f' = 0, (6.14)
and Theorem 2 is  v erified .
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Proof Of Theorem 3.
This read ily  p roceeds from (6.10). I f  E’ is  th e  
g ro u n d -s ta te  energy, th en  (H-E')^ is  alw ays p o s itiv e , and  s in ce  A 
can be th o u g h t of as a l in e a r  com bination of ^ 's , i t  fo llow s th a t  
<a|(H -E ')|a> is  p o s itiv e  as well. Hence th e  app ro x im atio n  E is  
alw ays g re a te r  th an  th e  a c tu a l e igenvalue E' u n le ss  by  fo r tu i to u s  
choice iji is  th e  ac tu a l e igenvalue -  in  which case  E and E' a re  
equal. For th e  h ig h er e igenvalues fo r  th a t  c la ss  o f  so lu tio n , 
d iffe re n t choices of A make th e  co rrec tio n  e i th e r  p o s itiv e  o r 
negative , s ince fo r  each eigenvalue, th e re  is  a t  l e a s t  one low er 
one. Hence, indeed, th ese  e igenvalues a re  sad d le  p o in ts  o f E as a 
fu n c tio n a l of \j).
Proof Of Theorem 4.
The choice of t r ia l  fu n c tio n  m ust be p a t te rn e d  a f te r  th e  
form of th e  a c tu a l so lu tio n . The a c tu a l e ig en fu n c tio n s  a re  
o rthogonal to  each o th e r  i f  th ey  belong to  d if fe re n t v a lu e s  o f a 
conserved  q u a n tity  which commutes w ith  th e  H am iltonian  o r  i f  th ey  
belong to  d iffe re n t symmmetries. The conserved  q u a n t i t ie s  o r 
th e  sym m etries are  known befo rehand , and a re  r e f le c te d  in  th e  
c o n s tru c tio n  of th e  te s t  fu n c tio n s . As a r e s u l t ,  th e  t r i a l  
fu n c tio n s  fo r  d iffe re n t c la sses  of so lu tio n  a re  o rth o g o n a l to  one 
an o th er. For each c lass o f so lu tio n , th e  v a r ia t io n  A is  o f th e  
same type and so can be th o u g h t o f as a l in e a r  com bination  of 
t r i a l  fu n c tio n s  of th a t  type. Hence th e  d if fe re n t ty p e s  o f A a re
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orthogonal to  one an o th e r, and th e  argum ent of Theorem 3 ap p lie s  
to  each c lass of so lu tio n  in d ep en d en tly  of a ll o th e rs .
Proof of Theorem 5.
The p roo f follow s th e  same reaso n in g  as th a t  o f  Theorem 4. 
In Theorem 2, th e  a rb i tr a ry  v a r ia tio n  A is  n e c e ssa r ily  o f th e  
type or symmetry of th e  s ta te  un d er co n sid e ra tio n , w hich means 
th a t  th is  theorem  app lies  se p a ra te ly  to  each c lass o f so lu tio n .
Proof of Theorem 6.
The proof of th is  theorem  proceeds from Theorem  4. If  
Theorem 4 is  app lied  sy stem atica lly  to  f in d  th e  low est e ig en v a lu e  
of each c lass of so lu tio n  - moving up in  energy from one c la ss  to  
th e  nex t -  then  a t  each s tag e  by d e fin itio n , only t r i a l  fu n c tio n s  
of a type d is tin c t in  th e  o rth o g o n a lity  sen se  from  th e  
e igenfunctions fo r  low er e igenvalues th a n  E' are  allow ed. S ince A 
is  now a lin e a r  com bination of fu n c tio n s  whose e ig en v a lu es  a re  
h ig h er than  o r a t  b es t eq u a l to  E’, i t  follow s th a t
<a |(H -E )|a> 2: 0.
With th e  theorem s p roved , th e  q u es tio n  of im plem enting them  
is  addressed . For th e  low est energy of each c lass o f so lu tio n , i t  
is  im m ediately obvious how to  do th is .  T rial fu n c tio n s  w hich 
conform to  th e  c o n s tra in ts  on th e  system  are  cho sen  w ith
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p aram eters  which can be v a ried  to  low er th e  energy as much as 
po ssib le . The b es t t r ia l  fu n c tio n  is  th e  one y ie ld in g  th e  low est 
energy, and th e  job is  done when th is  energy is  c o n s ta n t to  th e  
d es ired  num ber of decimal d ig its . So f a r  as th e  ex c ited  s ta te s  
a re  concerned, no procedure  is  y e t deducib le , s ince th e  bounding 
re la tio n sh ip s , i f  any, betw een th e  a c tu a l and approxim ate 
e igenvalues are  unknown. These ru le s  could  p ro b ab ly  be derived  
case by case [104,105], b u t th e re  is  one s itu a tio n  in  which th ey  
a re  g en era lly  known -  th e  case when th e  param eters  to  be v a ried  
occu r lin e a rly  in  th e  t r i a l  fu n c tio n  [106-109]. This is  th e  
lin e a r -v a r ia tio n  method, a lso  p o p u la rly  known as th e  R ayleigh-R itz 
m ethod [95].
SECTION 6.4 -  THE LINEAR-VARIATION METHOD
G enerally  speaking, th e  r e s tr ic t io n s  on th e  form of 
fu n c tio n s  adm issible as t r i a l  fu n c tio n s  in  th e  v a r ia tio n a l m ethod, 
a re  d ic ta te d  by th e  boundary  co n d itio n s, th e  sym m etry o f th e  
system  and th e  se t of o b servab les  commuting w ith  th e  H am iltonian. 
A p ra c tic a l co n s tra in t a r ise s  from th e  n ecess ity  to  f in d  th e  
s ta tio n a ry  p o in ts  of th e  ex p ressio n  (6.1) fo r  E. The m ost obvious 
sea rch  m ethod is  d iffe re n tia tin g  (6.1) w ith  re sp e c t  to  th e  
v a r ia tio n a l param eters and equating  th e  f i r s t  d é r iv â te s  to  zero to  
o b ta in  th e  values of th e  param eters  a t  th e  c r i t ic a l  p o in ts . Of 
a ll  t r i a l  functions, th e  m ost am enable to  such  a p ro ced u re  is  th e  
se r ie s
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N
0 = Z c^ <p^  , (6.15)
w here th e  only param eters  to  be fixed  by d if fe re n tia tin g  a re  th e  
lin early -o ccu rin g  co e ffic ien ts  c . . O ther p a ram ete rs  may be 
in co rp o ra ted  n o n -lin ea r ly  in  th e  0 ., b u t th e se  a re  f ix e d  
o therw ise. Their purpose  is  to  improve th e  s u i ta b i l t iy  o f  th e  
b asis  fu n c tio n s  0. to  th e  system  a t  hand and th e reb y  to  lim it th e  
num ber of term s in  th e  se rie s .
When (6.15) is  used  in  (6.1), th e  exp ression  to  be exam ined 
fo r s ta tio n a ry  p o in ts  becomes
N N N ^
E.= Z Z c c < 0  | h | 0 > / Z Z c c .<0 | 0 > .  (6.16)
. . i j  i j  . j  i J i j
N either o rth o g o n a lity  n o r no rm alisa tion  of th e  0^ h as  been  
assumed, a lthough  bo th  a re  com putational advan tages.
The f i r s t  d e riv a tiv e  o f E w ith  re sp ec t to  each  o f th e  c. 
van ishes a t  th e  c r itic a l p o in ts :
s.c*(<4>. | h U  > - E <0 >)
— ^ -----------------:-----—  = 0,  (6.17)
fo r  k = 1,2,....,A^ . E is  given by (6.16).
Since th e  norm of 0 is  n ecessa rily  n o n -van ish ing , th e  system
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o f eq u a tio n s  to  be so lved  fo r  th e  c. a t  th e  s ta tio n a ry  p o in ts  is
E. c^(<0^ |H |0^> -  E <0. |0^>) = 0, (6.18)
fo r  k = 1,2,..... ,N.
The complex con jugate  of (6.18) is  equ iva len t:
I .  (<0^|h | 0.> - E <0^|0.>)c. = 0, (6.19)
fo r  k = 1,2,..... ,N.
E quation (6.19) is  a  l in e a r  system  of N hom ogeneous 
equ a tio n s. A fam iliar argum ent su p p lie s  th e  e igenvalues E. F or 
th e  so lu tio n s  fo r th e  c. to  be n o n - tr iv ia l , th e  d e te rm in an t
D =
.................
1 ^22~^^22............... ^2N~^^2N
^Ni ^N2 ^^N2 ............... ^NN
. . ( 6.20)
m ust van ish . In the  determ inan t, th e  m atrix  elem ents a re
j ■ Ih |0 j >, (6.21)
and
0 . ; =  <0j0^>. (6.22)
The equation  D = 0 d efin es  a  polynom ial of degree  N in  E and
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th e re fo re  gives N e igenvalues fo r  th e  type of s ta te  d efin ed  by th e  
t r i a l  function .
The main problem  h as  reduced to  th e  so lu tio n  o f th e  
g en era lised  m atrix  e igenvalue  equation  Ax = ABx, w here th e  
elem ents o f A are  g iven by (6.21) and th e  elem ents o f B by (6.22). 
There a re  as many s e ts  x o f v a r ia tio n a l co e ffic ien ts  a s  th e re  are  
b as is  fu n c tio n s , and each s e t  defines an approxim ation  to  one of 
th e  f i r s t  N e igen functions o f th e  system. G enerally, th e  accuracy  
of b o th  approxim ate energy and w avefunction d ecreases ra p id ly  w ith  
in c reased  eigenvalue.
Since th e  l in e a r -v a r ia tio n  t r ia l  fu n c tio n  is  an exp an sio n  in  
term s o f a b as is  se t, th e  re p re se n ta tio n  of th e  a c tu a l 
w avefunction  by th e  approxim ation  is  exact i f  th e re  is  an  in f in ite  
num ber o f term s in  th e  expansion . I t  is  th e re fo re  to  be expected  
th a t  in creasin g  th e  num ber o f term s leads to  an im provem ent in  th e  
energ ies  and e igen functions. This is  indeed  th e  case , and is  
sh o rtly  to  be proved. I t  is  a lso  to  be shown th a t  s im ila r ly  to  
th e  case of th e  low est energy, th e  l in e a r-v a r ia tio n  t r i a l  fu n c tio n  
lead s to  estim ates  which a re  too  high fo r  th e  en e rg ie s  o f th e  
ex c ited  s ta te s .
SECTION 6.5 - PROPERTIES OF THE SPACE SPANNED BY THE BASIS 
FUNCTIONS
The b as is  fu n c tio n s  in  a lin e a r-v a r ia tio n  t r i a l  fu n c tio n  of 
N term ^ form an AT-dimensional lin e a r  space, p ro v id e d  th e y  a re  
l in e a r ly  independent. I t  w ill now be shown th a t  w ith in  th is
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space, th e  approxim ate e ig en fu n c tio n s  and e igenvalues o f H a re  
ex ac t e igenfunctions and e ig en v a lu es  of an o th er H am iltonian h .
Let n be a H erm itian  p ro je c tio n  o p era to r w hich from th e  
u n iv e rse  of a ll fu n c tio n s  H a c ts  upon picks o u t th o se  in  th e  
lin e a r  space.
TT^ = ^  , i f  0 is  in  th e  space, (6.23a)
IT0 = 0 i f  ^ is  n o t in  th e  space. (6.23b)
C orrespondingly, th e re  is  a  "pro jected" H am iltonian g iven  by
H = nnn, (6.24)
asso c ia ted  w ith them. Any fu n c tio n  n o t in  th e  lin e a r  sp ace  can be 
th o u g h t of as an e ig en fu n c tio n  o f h w ith  zero e igenvalue , as is  
shown by using th e  second eq u a tio n  in  (6.23):
= TTHIT^  = 0. (6.25)
As th e  eigenfunctions fo r  th e  non-zero  e igenvalues o f h a re
o rth o g o n a l to  th ese , i t  fo llow s from Theorem 6 th a t  th e
non-van ish ing  e igenvalues a re  o b ta in ed  by using t r i a l  fu n c tio n s  in  
th e  lin e a r  space. (One o f th e  e ig en fu n ctio n s of h may have  zero  
eigenvalue of course, b u t a d is tin c tio n  is  to  be re ta in e d  betw een 
th a t  s o r t  of van ish ing  o f th e  e igenvalue  and th a t  p e r ta in in g  to  
th e  eigenvalues fo r  s ta te s  w hich canno t be described  by th e  b a s is  
se t). Hence i f  ^ is  a l in e a r  com bination of th e  b a s is  fu n c tio n s .
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th e  s ta tio n a ry  p o in ts  of <  ^| h | ^>/<^ 10> y ie ld  approx im ations to  th e  
e igenvalues of h . However, from (6.23) and (6.24) above, i t  is  
o b serv ed  th a t
<0 I H I </>> _ <(/> I tcHtt I i I j >  _ <inl) I H I THÙ> _ <(/> I H I </>> 
I ^ I  ^ > <if) I ijj> <0 I ^ >
Thus th e  exact e igenvalues and e igen functions o f h are  
approxim ate e igenvalues and e ig en fu n ctio n s o f H. This 
im p o rtan t r e s u l t  makes th e  p ro o fs  of v a rio u s  p ro p e r tie s  o f th e  
l in e a r -v a r ia t io n  m ethod eas ie r.
Since h has a ll th e  form al p ro p e rtie s  of a H am iltonian, th e  
re la t io n s
(6.27)
and
I H 1^ > = E a (6.28)' '^1 1 kl
hold. Norm alization has been assum ed w ith o u t lo ss  o f g e n e ra lity . 
E^ is  an exact e igenvalue o f h and is  th e  co rresp o n d in g  ex ac t 
e igen function . The ijj^  re p re se n t a re -a rran g em en t o f  th e  b a s is  
fu n c tio n s  to  ob ta in  a new b as is  s e t  defined  in  te rm s o f th e  N 
m u tu a lly -o rth o g o n a l t r i a l  fu n c tio n s  w hich a re  p o ss ib le  from  them.
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SECTION 6.6 -  THE BOUNDING PROPERTIES OF THE HIGHER EIGENVALUES
The f i r s t  r e s u l t  to  be p roved  using th e  p ro je c te d  
H am iltonian and i t s  so lu tio n s  is
E^ 2: E^ , fo r  k =1,2,.......,N, (6.29)
which is  ev id en tly  a g e n e ra lisa tio n  of Theorems 3 and  4, s in ce  i t  
s ta te s  th a t  E^ , th e  k -th  e igenvalue  of h , is  alw ays a h ig h e r  
bound to  th e  a c tu a l v a lu e  E '. To r e ite ra te :  s ince  E eq u a ls  ank k
approxim ate eigenvalue from  th e  t r i a l  fu n c tio n  eq. (6.29) 
s ta te s  th a t  a ll  ex c ited  en e rg ie s  from th e  lin e a r -v a r ia t io n  m ethod 
are , lik e  th e  low est energy  fo r  a g iven class o f s ta te s ,  alw ays 
h ig h er th an  th e  exact v a lu es . The p ro o f is  as fo llow s.
The N e ig en fu n c tio n s  o f h form a  lin e a r  space } in  term s 
of whose members a fu n c tio n  ip can be expressed  th u s :
{p = S a. Ip . (6.30)i i i
The energy in  th e  s ta te  ip is
I H I I H I ip>
E = <fp \ tp> I ^ >
(6.31)
E in  (6.31) is  an average, and  so can n o t be g re a te r  th a n  th e
103
b ig g est energy fo r  which * 0. Hence
E :s . (6.32)
I t  is  now observed  th a t  fo r  any index k ^ N, there  is  a t  
le a s t  one lin e a r  com bination of th e  f i r s t  k e ig en fu n c tio n s  of h 
w hich is  o rthogonal to  th e  low est (k-1) e ig en fu n c tio n s  o f H. This 
is  a  consequence of th e  fa c t th a t  th e  t r i a l  fu n c tio n  in  th e  
v a r ia t io n a l method is  c o n s tru c te d  so as to  be s im ila r  in  c lass  o r 
type  to  th e  w avefunction w hich i t  approx im ates, and so sh a re s  th e  
o rth o g o n a lity  p ro p e rtie s  of th e  unknow n w avefunction . (Each of 
th e  e igen functions of h co rresp o n d s to  a d is t in c t  t r i a l  function). 
A ccording to  Theorem 6, th is  l in e a r  com bination of th e  k can be 
u sed  as th e  t r ia l  fu n c tio n  in  th e  sea rch  fo r  th e  k-th  eigenvalue. 
For th is  com bination of fu n c tio n s , in e q u a lity  (6.32) ho lds. At 
th e  same time. Theorem 6 s ta te s  th a t  th e  app rox im ate  energy is  
h ig h e r  th a n  th e  ac tu a l value. Hence
E i  E 2: E' . (6.33)k k k
I t  is  now necessary  to  in v e s tig a te  w hat hap p en s to  th e  
e igenvalues from th e  l in e a r -v a r ia t io n  m ethod when th e  num ber of 
b a s is  fu n c tio n s  m is  in creased . The e a s ie s t p ro o f is  ob ta in ed  
w ith  th e  help  of th e  "minimum-maximum theorem ".
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SECTION 6.7 -  THE MINIMUM-MAXIMUM THEOREM
According to  th is  p rin c ip le , th e  e igenvalue  E^ o f th e  
Ham iltonian H is  found  by m aximising th e  minimum o f th e  
en e rg y -ex p ec ta tio n -v a lu e  u n d er th e  c o n s tra in t t h a t  th e  t r i a l  
function  ip shou ld  be o rth o g o n a l to  (k-1) a rb i tr a ry  fu n c tio n s  
In o th e r w ords, th e  energy  is  to  be minimised w ith  re s p e c t to  th e  
t r ia l  fu n c tio n  ip, and maximised w ith  re sp e c t to  th e  a rb i tr a ry  
o rthogonal fu n c tio n s  w. :
E' = max m in <  ^| H | ^>/<^ | ^>, (6.34)
w, 0
<u |ÿi> = 0 fo r  1=1,2,.......,k-l.
The minimum-maximum p rin c ip le  is  p roved  by th e  fo llow ing 
argum ent. W hatever form  th e  w. tak e , th ey  a t  m ost define  a 
(k -l)-th  d im ensional l in e a r  space. T herefo re , th e re  is  a t  le a s t  
one com bination of th e  f i r s t  k exact e ig en fu n c tio n s  o f H w hich is  
o rthogonal to  a ll, w hich can be used  as a  t r i a l  fu n c tio n . In 
term s of th e  k e ig en fu n c tio n s, th is  t r i a l  fu n c tio n  is
ip = Y c^ ip'  ^ . (6.35)
1 =  1
The energy o f th is  s ta te  is
k k
E = I HI \p>/<ip \ip> = Z I c J  ^Ej / S I c  ^ I . (6.36)
1 = 1  1 = 1
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Since E is  an average, i t  canno t be g re a te r  th a n  th e  la rg e s t  
energy appearing  in  th e  n um era to r, which is  E \  T herefo re , none 
o f th e  energ ies re su ltin g  from  th is  t r i a l  fu n c tio n  can be g re a te r  
th an  E \  T herefore, th e  la rg e s t  minimum of th e  energy  ex p ec ta tio n  
value is  always sm aller th an , o r  equal to , th e  k -th  ex ac t 
eigenvalue.
On th e  o th e r  hand, i f  th e  a rb i tr a ry  fu n c tio n s  a re  chosen 
to  be th e  exac t f i r s t  k e ig en fu n c tio n s.
w. = p y l  fo r  i = 1,2,.........,k -l, (6.37)
th en  a t r i a l  fu n c tio n  w hich is  o rth o g o n a l to  them  is  , th e  k -th  
exact e igenfunction . The minimum o f th e  energy  ex p e c ta tio n  v a lu e  
from th is  t e s t  fu n c tio n  is  th e  exact energy E \  Thus, th e  
minimum-maximum p rin c ip le  ex ac tly  d efin es  a g iven  e igenvalue.
SECTION 6.8 -  THE ACCURACY OF THE APPROXIMATE EIGENVALUES AS A 
FUNCTION OF NUMBER OF BASIS FUNCTIONS
The minimum-maximum p rin c ip le  is  now em ployed in  p rov ing  
th a t  th e  energ ies in  th e  l in e a r -v a r ia t io n  m ethod alw ays im prove in  
accuracy when th e  b as is  s e t  is  in creased . The concep t th a t  th e  
b as is  s e t  a re  exact e ig en fu n c tio n s  of a p ro jec ted  H am iltonian  h 
again finds ap p lica tion .
Let th e re  be N l in e a r ly -in d ep en d e n t b a s is  fu n c tio n s  in  th e  
se t. The approxim ate e ig en fu n c tio n s  and  e ig en v a lu es  o f H a re  
equal to  th e  exact e ig en fu n c tio n s  and e ig en v alu es o f h ,  as  p roved
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above. Thus th e  k-th  e igenvalue  is  E^(^). The (k -l) - th  
eigenvalue is  When th e  b as is  s e t  is  in c re a se d  by one
member » a ll th e  e igenvalues change and in  p a r t ic u la r  th e
k-th  e igenvalue becomes E^{N+1). As  is  lin e a r ly  in d ep en d en t
of th e  f i r s t  N b as is  fu n c tio n s , i t  can alw ays be made o rth o g o n a l 
to  them and hence to  th e  t r i a l  fu n c tio n s  fo r  th e  ^-d im ensional 
space. H being a fu lly -fle d g ed  Ham iltonian, i t s  e ig en v a lu es  are  
given by th e  minimum-maximum p rin c ip le , so th a t
E (N) = m in max <p\»\\jj>l<p\p>,
'  0 W,
<0jj^j^l0>. l^> = 0, 1=1,2,..k-1 ; (6.38)
E (N) = m in max <  ^| h | ^>/<^ | ip>,
0
<0j^^il0>, <w. l0> = 0, 1=1,2,...k-2; (6.39)
and
E (^ + 1) = m in max <  ^| h |^>/<01^>,
0 «,
<w. |0> = 0, 1= 1,2,....k-1. (6.40)
The \Jj in  (6.38) -  (6.40) a re  a p p ro p ria te  com binations of th e  
b as is  fu n c tio n s . C on trary  to  w hat th e  n o ta tio n  m igh t p e rh ap s  
in d ica te , th e  th re e  t r i a l  fu n c tio n s  a re  a ll  d if f e re n t  from  each  
o ther. In (6.38) and (6.39), i/j is  ex p ressed  in  te rm s o f  N b a s is  
fu n c tio n s  w hile in  (6.40) i t  is  exp ressed  in  term s o f N+1 o f them. 
The v a r ia tio n a l co e ffic ien ts  a re  a ll d if fe re n t from  one case  to  
th e  next.
A com parison of (6.39) and (6.40) show s th a t  th e  t r i a l
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functions fo r  E^_^(N) and  E^(^+l) a re  bo th  o rth o g o n a l to  k-1 
functions, excep t th a t  fo r  th e  form er, one of th e se  fu n c tio n s  is  
fixed , while fo r  th e  l a t t e r  i t  is  not. A ccording to  th e  
minimum-maximum p rin c ip le , th e  ex p ec ta tio n -v a lu e  minimum sh o u ld  be 
maximised u n d er th e  co n d itio n  th a t  th e  t r i a l  fu n c tio n  sh o u ld  be 
o rthogonal to  th e  , and  is  c lea rly  h ig h er in  th e  case w hich 
o ffe rs  g re a te r  f le x ib ili ty  in  choice:
E^_ (^iV) 5 E^iN+1). (6.41)
Comparing now th e  p re sc r ip tio n s  fo r  E^ (A^ +1) and  E^ (A^ ), i t  is  
seen th a t  th e  t r ia l  fu n c tio n s  a re  o rthogonal to  th e  same num ber o f 
a rb itra ry  functions. However, th e re  is  le ss  la t i tu d e  in  th e  
choice of th e  t r i a l  fu n c tio n  fo r  th e  l a t t e r  case b ecau se  th e  
number of b as is  fu n c tio n s  is  sm aller. T herefore  on m inim ising 
th e  energy ex p ec ta tio n  v a lu e  w ith  re sp e c t to  th e  t r i a l  fu n c tio n s , 
th e  form er case g ives a low er re su lt .
E^ (A^ +1) < E^(N). (6.42)
In eq u a lity  (6.42) g ives th e  main r e s u l t  -  th a t  th e  energy  
from th e  lin e a r-v a r ia tio n  m ethod always decreases when th e  b a s is  
s e t  is  increased , and th e re fo re  im proves in  accuracy. The r e s u l t  
in  (6.41) g u aran tees  th a t  no m a tte r  how many b as is  fu n c tio n s  a re  
used, th e  eigenvalues a re  s t i l l  sep a ra ted , ensu ring  th a t  th e  k -th  
approxim ate eigenvalue alw ays rem ains h ig h er th a n  th e  (k - l) - th
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ex ac t eigenvalue.
With th e  re su lts  in  th is  ch ap te r, th e  l in e a r -v a r ia tio n  
m ethod is  p u t on a sound foo ting , and can be ap p lied  to  p ra c tic a l 
problem s w ith  p e rfec t confidence.
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CHAPTER SEVEN -  THE GAUSSIAN-EXPANSION METHOD
SECTION 7.1 -  THE ROLE OF THE COORDINATES IN THE VARIATIONAL 
FORMULATION
In th e  la s t  ch ap ter, a g en era l d iscu ssio n  show ed how th e  
v a ria tio n a l m ethod in  genera l, and th e  l in e a r -v a r ia t io n  m ethod in  
p a r tic u la r , may be app lied  to  th e  so lu tio n  of th e  S ch ro ed in g er 
equation . Im plicit th ro u g h o u t th e  d iscu ss io n  was th e  im portance  
of a jud ic io u s  choice o f t r i a l  function . One o f th e  prim e 
determ inan ts o f th is  is  th e  choice of co o rd in a tes . I t  was 
m entioned in  C hap ter 5 how th e re  a re  th re e  ways to  choose  th e  s ix  
coo rd inates of th e  reduced  problem . Any one of th e se  ch o ices  can 
be used alone to  p ro secu te  th e  so lu tio n , as th ey  a re  a l l  sim ply 
d iffe ren t rep re se n ta tio n s  of th e  same th ing . In fa c t, any  tw o can 
be expressed  in  term s of th e  th ird , and in  th a t  sen se , th e y  a re  
a ll equ ivalen t. D espite th is  equ ivalence how ever, th e y  a re  n o t 
a ll equally  adap ted  to  a p a r t ic u la r  problem . If  only  one ch an n e l 
is  to  be used, th e  physica l s itu a tio n  which o b ta in s  in  th e  system  
m ust be co n su lted  befo re  a cho ice can be made, as th is  d e te rm in es  
which channel is  most su ita b le . An example c la r i f ie s  th is  
observation .
Suppose one of th e  th re e  p a r tic le s  moves f a s t e r  o r  m ore
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slow ly th an  th e  o th e r two, o r  is  much f a r th e r  o r c lo se r on average 
to  th e  ce n tre  o f mass of th e  system . As th e re  a re  two v ec to rs  in  
each channel fo r  th re e  p a r tic le s , and th ey  a re  defin ed  in  an 
asym m etrical way, only one choice o f re -a rran g em en t co o rd in a tes  is  
n a tu ra lly  designed to  exp ress  th is  in tr in s ic  asymmetry. This is  
th e  one in  which th e  displacem ent o f th e  odd p a r t ic le  is  m easured 
more un iquely  th an  those  o f th e  o th e r  two; and by means of th e  
param eters  which define th a t  v ec to r, th e  m otion o f th e  odd 
p a r tic le  can be especially  d escribed . If  th is  p a r t ic le  is  th e  one 
lab e lled  1, th en  th e  s e t of co o rd in a tes  1 in  Fig. 7.1 is  th e  
c o rre c t choice.
The s itu a tio n  ju s t  d escrib ed  ho lds i f  th e  system  lie s  in  
th e  domain of th e  Born-O ppenheim er approxim ation . On th e  o th e r  
hand, i f  th e  masses are  no t d isp a ra te , th en  th e  w avefunction  is  a 
sum o f com parable com ponents in  th e  co o rd in a tes  of each  of th e  
th re e  re-arrangem en t channels. Using only one re -a rran g em en t 
channel in  th a t  case ren d ers  th e  expansion  of th e  t r i a l  fu n c tio n  
undu ly  long, since th e  com ponents in  th e  co o rd in a tes  o f  th e  o th e r  
two m ust be e ffec tiv e ly  ex p ressed  in  term s of th o se  chosen. The 
se rie s  is  sho rtened  by e x p lic itly  includ ing  a l l  th re e  
re -a rran g em en t coord inates in  th e  d e fin itio n  o f th e  t r i a l  
fun c tio n . This is  desirab le , because  th e  b as is  fu n c tio n s  -  th e  
in d iv id u a l term s in  th e  s e r ie s  -  a re  ra re ly  o rth o g o n a l. This 
s itu a tio n  may lead to  n e a r - l in e a r  dependence among them  i f  
th ey  a re  many, and su b seq u en tly  to  d if f ic u lt ie s  in  th e  
d iagonalization .
Owing to  the  n e a r-p a r ity  o f th e  kaon mass and th e  red u ced
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mass o f th e  two p ro tons, th e  ppK system  sh o u ld  be s tu d ie d  by 
inc lud ing  ex p lic itly  a ll th e  re -arrangem en t c o o rd in a te s  in  th e  
sp ec if ic a tio n  of th e  w avefunction. As a m a tte r  o f fa c t, i t  is 
p o ssib le  to  make do w ith  only two w ith o u t in v it in g  undue 
consequence. Because two of th e  p a r tic le s  in  th is  system  are  
id en tica l, two re -arrangem en ts  are  sim ilar. All th e  same, in  th e  
in te re s ts  o f genera lity , th e  case of th re e  re -a rra n g em e n t channels 
is  analysed  here.
SECTION 7.2- THE ADVANTAGES OF THE GAUSSIAN-EXPANSION METHOD
The G aussian-expansion  method of Kamimura [17,83-85] makes 
use in  i t s  g eneral form of a ll th re e  s e ts  o f re -a rra n g em e n t 
co o rd in a tes. T herefore i t  app lies to  any th re e -b o d y  system . I t  
is  d is tin g u ish e d  as well by a c lever choice fo r  th e  r a d ia l  p a r t  of 
th e  w avefunction , which re s u l ts  in a ll th e  m atrix  e lem en ts  w hich 
ap p ear in  th e  R ayleigh-R itz method being given in  c lo se d  form  fo r  
p o te n tia ls  in  power, inverse-pow er, G aussian o r p ro d u c t form s of 
th e se  th re e .
Even though  a ll th re e  re -arran g em en t co o rd in a te s  o f  a  system  
are  used  in  th is  ca lcu la tio n , th e  m atrix  elem ents a re  fo rm ally  
co n s tru c ted  by defin ing  a ll th e  in te g ra tio n s  in  term s o f  a  volum e 
elem ent in  one choice of coo rd ina tes  only. As th e  m ost g en e ra l 
in teg ran d  is  a  fu n ctio n  of a ll th re e  s e ts  o f c o o rd in a te s , th is  
f i r s t  choice is  no t always th e  most conven ien t fo r  in te g ra tio n . 
Because o f th is ,  m atte rs  a re  co n trived  so th a t  tra n s fo rm a tio n  of 
th e  in teg ran d  to  a more u se fu l s e t of re -a rran g em en t c o o rd in a te s
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is  easy and re su lts  in  in teg ra b le  fu n c tio n s . From th is  
s tan d p o in t, th e  b es t co o rd in a tes  fo r  th e  reduced  problem  a re  th e  
Jacob i s e t  defined  by s e ttin g  = m^  (where fo r  th e  channel 1 fo r  
example, i = 2 and 3) in  (5.4). These co o rd in a tes  -  as th e i r  
lab e l m ight suggest - a re  so designed th a t  th e  Jaco b ian  
determ inant accompanying th e  tra n sfo rm a tio n  of th e  volume elem ent 
from one choice to  a n o th e r is  un ity . This u se fu l p ro p e rty  means 
th a t  i f  th e  o rig in a l co o rd in a tes  o f th e  v a riab le  of in te g ra tio n  by 
which a ll th e  m atrix  elem ents a re  form ally  defined  do n o t ap p ear 
in  th e  in teg rand , th e  tra n sfo rm a tio n  to  one o f th e  o th e r  two 
co n sis ts  of th e  t r iv ia l  ex e rc ise  of changing th e  volum e elem ent. 
I t  should  h en cefo rth  always be u n d ersto o d  th a t  th is  has been  done; 
a ll m atrix  elem ents w ill ap p ear w ith  th e  m ost conven ien t choice of 
volume element.
A second in fluence on th e  ease w ith  which tra n sfo rm a tio n s  of 
in teg ran d s might be ach ieved  is  th e  ra d ia l form of th e  t r i a l  
function . G aussian fu n c tio n s  have been p re fe rre d  to  ex p o n en tia ls  
because th ey  do indeed f a c i l i ta te  th e se  tra n sfo rm a tio n s  b e tte r .
In o rd e r to  d erive  th e  m atrix  elem ents, th e  in te r - r e la t io n s  
among th e  Jacob i co o rd in a tes  a re  necessary . In a d d itio n , th e  
exp ressions of th e  lab o ra to ry  co o rd in a tes  in  term s of Ja co b i s e ts  
a re  needed in  th e  sp ec ifica tio n  o f th e  d ipo le  t ra n s i t io n  elem ent.
SECTION 7.3 - THE JACOBI COORDINATES
The th re e  possib le  cho ices of th e  Jaco b i co o rd in a te s  in  
term s of th e  coo rd inates o f th e  th re e  p a r tic le s  in  th e  la b o ra to ry
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system  are:
For Channel 1,
, (7.1)
Ri = x^ -  (m^x^ + m^x^)/(m^ + m^) ; (7.2)
fo r  Channel 2,
= X3 -  x^ , (7.3)
Rg = - (m^x^ + m^x^)/(m^ + m^) ; (7.4)
and
fo r  Channel 3:
r  = X  -  X  , (7.5)
3 1 2
R = x -  (m X  + m X  )/(m + m ) . (7.6)
3 3 1 1  2 2 1 2
For each choice,
X = (m x  + m x  + m X )/(m + m + m ). (7.7)
1 1  2 2  3 3 1 2 3
The v a rio u s  v ec to rs  are  i l lu s tr a te d  in  Fig. 7.1.
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Fig. 7.1. The re -a rran g em en t Ja co b i co o rd in a te s  
of th e  th re e -b o d y  system
SECTION 7.4 -  THE LABORATORY DISPLACEMENTS IN TERMS OF THE JACOBI 
COORDINATES
The lab o ra to ry  co o rd in a tes  to g e th e r  w ith  th e  tran sfo rm ed  
H am iltonians fo r  th e  in te rn a l motion of th e  system  (a ll fu lly
deriv ed  in  Appendix A) are:
For channel 1,
= - ih‘ lZlx^)V^ -  (h^/2M^)7^ +, V(r^.R^), (7.8)
1 1
= X + (m  ^ + m^)RjM  , (7.9)
X  = X -  m R / M - m r  /(m + m ) , (7.10)
2 1 1  3 1 2  3
and
X = X -  m R / M  + m r  /(m + m ) . (7.11)
3 1 l '  2 1 2  3
w here
M = m + m + m , (7.12)1 2  2
1/fi^ = 1/m^ + 1/m^ , (7.13)
and
1/M^ = 1/m^ + l/(m^ + m^) . (7.14)
For Channel 2,
Hg = -(h^/2M^)V^ -  (h"/2M p?^ + V(r^.R^) , (7.15)
2 2
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X = X -  m R / M - r n r  /(m + m ) , (7.16)
1 2 2 3 2 1 3
X = X - (m + m )R /M (7.17)
2 1 3 2 '
and
X = X -  m R / M  + m r  /(m + m ) , (7.18)
3 2 2 1 2 1 3
where
1/^2 ~ 1/m^ + 1/m^ , (7.19)
and
1/M = l/m + l/(m + m ) . (7.20)
'  2 2 1 3
Finally , fo r  Channel 3;
-  (h^/2M^)V^ + V(r^,R^), (7.21)
3 3
X  = X -  m R / M  + m r  /(m + m ) , (7.22)
1 3 3 ' 2 3 1 2
X = X - m R /M - m r  /(m + m ) , (7.23)
2 3 3 1 3  1 2
and
x^ = X + (m^ + m^)R^/M , (7.24)
w here
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1/Pg = 1/m^ + l/m^ , (7.25)
and
1/M = 1/m + l/(m + m ) . (7.26)
3 3 1 2
SECTION 7.5 -  THE INTER-RELATIONS AMONG THE JACOBI COORDINATES
The th re e  se ts  of c o o rd in a te s  are , as m entioned above, 
e x p ress ib le  in  term s of one an o th er. In a n tic ip a tio n  of fu tu re  
use, th e se  in te r - re la t io n s  a re  now given.
r^ = m^r^/(m^ + m^) -  R^ , (7.27)
R^ = -  m^Mr^/[(m^ + m^)(m^ + m^)] - m^R^/(m^ + m^) , (7.28)
r  = m r  /(m + m ) + R , (7.29)1 1 3  1 2 3
R = m Mr /[(m + m )(m + m )] -  m R /(m + m ) (7.30)
1 2 3 1 2 2 3 3 3 2 3
r  = m r  /(m + m ) -  R , (7.31)
2 2 l '  2 3 1
R = - m Mr /[(m + m )(m + m )] -  m R /(m + m ) , (7.32)
2 3 1 1 3 2 3 1 1 1  3
r  = -  m r  /(m + m ) + R , (7.33)
2 2 3 1 2 3
R = - m Mr /[(m + m )(m + m )] -  m R /(m + m^) , (7.34)
2 1 3 1 3 1 2 3 3 1 3
r  = m r  /(m + m ) + R , (7.35)
3 3 l '  2 3 1
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^3 " , (7.36)
and
r  = -  m r  /(m + m ) -  R , (7.37)
3 3 2 1 3 2
R = m Mr /[(m + m )(m + m )] -  m R /(m + m ). (7.38)
3 1 2 1 2 1 3 2 2 1 2
R ela tions (7.27) - (7.38) a re  read ily  o b ta in ed  by equ a tin g  
th e  two ex p ress io n s  fo r  x. in  th e  two co o rd in a te  system s under 
co n sid e ra tio n .
SECTION 7.6 -  SPECIFICATION OF THE WAVEFUNCTION
The main q u an tity  o f in te re s t  in  th is  c a lc u la tio n  is  th e  
energy. The s ta te s  fo r  which i t  is  sough t a re  id e n tif ie d  by th e  
quantum  num bers fo r  conserved  q u a n titie s  whose o p e ra to rs  commute 
w ith  th e  Ham iltonian. These o p e ra to rs  are  th e  ones w hich se rv e  to  
d if fe re n tia te  th e  s ta te s  and confer on them th e i r  c la ss , as 
d iscu ssed  in  C hap ter 6. In a  many-body system , th e  m ost im p o rtan t 
such  q u a n tity  is  th e  to ta l  sp in  J. I ts  com ponent m in  th e  
d ire c tio n  o f e x te rn a lly -ap p lied  magne.tlc f ie ld s  is  an  a u x ilia ry  
lab e l w hose im portance in c reases  i f  th e  p o te n tia l is  a fu n c tio n  o f 
th e  an g u la r co o rd in a tes  o f in te r -p a r t ic le  v ec to rs . B oth num bers 
a re  used  to  lab e l th e  c la sses  of so lu tio n  here.
A ccording to  th e  d iscu ss io n  in  C hap ter 6, th e  num ber of 
so lu tio n s  to  th e  energy equals  th e  num ber of b a s is  fu n c tio n s . 
Thus, a p a r t  from th e  two ex p lic itly  in tro d u ced  in  th e  t r i a l  
fu n c tio n , th e re  is  a th ird  quantum  number. In th re e -b o d y  th eo ry .
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th is  quantum  num ber is  lab e lle d  v, and is  ca lled  th e  v ib ra tio n a l 
quantum  number. I t  is  ev id en tly  analogous to  th e  p rin c ip le  
quantum  number n w hich occu rs  in  tw o-body th eo ry . In many 
num erical so lu tio n s  of th e  S chroed inger equation  fo r  tw o-body 
system s, th e  problem  is  sp ec ified  in  term s of th e  angular-m om entum  
quantum  numbers which ap p ea r in  th e  k in e tic  o p e ra to r, (and 
p o ssib ly  in  th e  p o te n tia l i f  i t  is  n o t sp h e rica lly  sym m etric), and 
n is  assigned to  th e  r e s u l ta n t  energy  so lu tio n s  by look ing  a t  th e  
m agnitudes. The v ib ra tio n a l  quantum  num ber ap p ears , and is  
t re a te d , in  th e  same way here .
The w avefunction on w hich th e  tran sfo rm ed  H am iltonians (th e  
d e riv a tio n  of which is  g iven  in  A ppendix A) o p era te  is  deno ted  
4^ ^^ , . As th e re  a re  two v ec to rs  invo lved  in  th e  co o rd in a te  
system , J  is  composed by v e c to r ia l a d d itio n  of th e  a n g u la r momenta 
a sso c ia ted  w ith them. The an g u la r  momenta a re  re sp e c tiv e ly  1  ^ and 
L fo r  th e  coo rd ina tes  r  and R (a=l,2,3), so th a tcl a a
J  = 1 + L . (7.39)a a
The in te ra c tio n s  among th e  th re e  p a r tic le s  are  c e n tra l, and
th e re fo re , th e  an g u la r w avefunctions p ro p e r  to  1  ^ and a re  th e
sp h e ric a l harm onics Y (r  ) and Y (R ). Thus fo r  th e  ch an n el a,1 ' a  L aa a
th e  an g u la r p a r t  of th e  w avefunction  is  given by
w here denotes th e  te n so r  p ro d u c t [110,111]
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1[Y, ( ;j« Y ^  (R^)]^^ = |j " )
a a l a  a a
a
X Y, (r  )Y, (R ). (7.41)
1 m a L m a 
a l  a L
a a
In (7.41), and m a re  th e  m agnetic quantum  num bers fo r
a a
1 and L , w hile ( i  m l  m I j m)  is  a C lebsch-G ordan co effic ien t.
a a a 1 a a La
The ra d ia l p a r t  o f th e  w avefunction  is  w hat th e  
R ayleigh-R itz m ethod helps to  determ ine.
SECTION 7.7 - THE TRIAL FUNCTION
N aturally , th e  an g u la r p a r t  of th e  t r i a l  w avefunction  is  
g iven  by (7.40). The ra d ia l form is  chosen  on th e  g rounds of 
convenience in  ca lcu la tin g  th e  m atrix  elem ents in  th e  
d iag o n a liza tio n  problem and is , fo r  a channel a [17,83-85], given
by
1 L
R(r ,R )  = N r ® R ^  exp(-y r  )exp(-A R ), (7.42)
a a a a a a a a a
w here N is  a norm alization fa c to r  such  th a ta
CO 00
s S R^r^dr R^ dR = 1. (7.43)
0 0 a a a a
The q u a n titie s  r  and R^ a re  sim ply th e  m agn itudes o f th e  
v e c to rs  r  and R resp ec tiv e ly . The ex p ress io n  fo r  N is
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N =
1 +2  1 + 3 / 2  L +2 L + 3 / 2 1
2  ^ ( 2 u 2  ^ (2 A J  ^
7T (2i + 1)!! (2l  ^ + 1)!!
1/2
(7.44)
To connect w ith  th e  e a r l ie r  d iscu ssio n  concern ing  th e  ro le  
of th e  v a rio u s  re -a rran g em en t co o rd in a tes , th e  t r i a l  fu n c tio n  may 
be viewed sym bolically  as
^  = Z » . ( r . ,R l  . (7.45)
t  i — 1 i i i
E xplicitly , i t  is  given by
3 max  ^max
4 ^ = 2  S S Z Z N^'^^C^'^^r^^R^^exp(-y r^)
t  a = 1 1=1  j  = 1 l a  La 1 a La 1 a La a a a a
X exp(-X r ")[Y ( r  )®Y (R )] (7.46)
a a l a  a La a JM
w here is  th e  v a r ia t io n a l co e ffic ien t.
1 aLa
The v a rio u s  sum m ations in  (7.46) give added f le x ib i l i ty  in  
th e  ra d ia l p a r t  o f th e  t r i a l  fu n c tio n . Thus, th e  i -  and 
j-sum m ations im prove th e  e x te n t to  w hich th e  ra d ia l  p a r t  o f th e  
a c tu a l so lu tio n  is  approx im ated  by a sso c ia tin g  to  each  v a lu e  of 
1  ^ and L^  sev era l G aussian fu n c tio n s . This is  im p o rtan t s in ce  th e  
G aussian is  c lea rly  no t th e  optimum form  fo r  th e  second  fa c to r  of 
th e  ra d ia l dependence. A f i r s t  an a ly sis  recom m ends th e  
exponen tia l form, which n a tu ra lly  a r ise s  in  th e  ex ac t tre a tm e n t of 
hyd rogen-like  system s. The ex p o n en tia l would be a s u p e r io r  choice 
i f  th e  fa c t th a t  some m atrix  elem ents would have to  be ev a lu a ted  
num erically  was no t a co n s id e ra tio n . The G aussians allow  a ll  th e  
m atrix  elem ents to  be g iven  in  closed  form  fo r  th e  b a s ic  problem
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of Coulombic in te ra c tio n s  only, and  th is  is  such  a g re a t advan tage 
th a t  th e i r  s lig h tly  in fe r io r  s u i ta b i l i ty  is  overlooked.
The ro le  of v and A in  sh ap in g  th e  w avefunction  is  b e t te r  
a p p rec ia ted  when th ey  are  w ritte n  in  th e  form s
= 1/r^ (7.47)
and
Aj = i'/Rj ; (7.48)
th e y  a re  obviously  re la te d  to  th e  size o f th e  ion. They a re  th e  
ones which change as i and j ru n  th ro u g h  th e ir  ranges. For a 
g iven com bination of i and l in  th e  s e r ie s  (7.46), r .  and R_
a s  i j
a re  chosen from minimum v a lu es  (fo r w hich i= l, j= l) to  maximum 
v a lu es  (fo r which i = i  , j=j ) in  such  a way th a t  th e  r  and
ma x  ma x  i
th e  a re  in  geom etrical p ro g ress io n . The lim its  and th e  num ber 
o f term s in  th e  geom etric p ro g re ss io n s  a re  determ ined  from 
experience  o r by t r ia l  and e r ro r , and a re  in p u t p a ram ete rs  o f th e  
ca lcu la tio n .
The summations over i  ^ and  a re  sp ec ified  by sim ply
se le c tin g  com binations (i ,l ) w hich s a tis fy  th e  ru le s  of
a a
angular-m om entum  algebra. These com binations a re  se le c te d  fo r  one 
re -a rran g em en t channel a t a tim e, and as h as  a lread y  been  s ta te d , 
each  one has an i-  and a j - s e r ie s  a s so c ia te d  w ith  i t .  F o r a g iven 
v a lu e  o f J, th e  angu lar momenta i and  l s a tis fy  th e  co n d itio n sâ 3
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1 + L < j < | i  -  l | ,  ( 7 . 4 9 )
a a a a
and
(-!)■' = (7.50)
I t  is  a s tra ig h tfo rw a rd  ta sk  to  com pute th e  to t a l  num ber of 
b as is  fu n c tio n s . The num ber of term s in  each  re -a rran g e m en t 
channel is  th e  sum over a ll  ( i  , l ) com binations o f th e  p ro d u c t of 
th e  to ta l  num ber of term s in  sums over i and j .  To give an 
example -  i f  J=0^, th e  com binations ( i  , l ) = (0,0), and (1,1)8L 3
m ight be chosen fo r  each o f th e  th re e  re -a rran g em en t ch an n e ls . If  
th e  i -  and j -sum m ations in  every  one o f th e  s ix  com binations of 
(i ,L ) have fiv e  term s each, th e re  a re  5X5 + 5X5 = 50 b a s is
3  3
fu n c tio n s  in  each channel, and 150 a lto g e th e r.
Before eq. (7.46) is  used  in  th e  l in e a r -v a r ia t io n  m ethod, 
th e  se rie s  h as  to  be o rd ered  so th a t  each of th e  b a s is  fu n c tio n s  
is  id e n tif ie d  by one index
k  = k ( a , i , j , 1  , L ) 
a a
which ru n s  from 1 to  N, w here N is  th e ir  to ta l  num ber. Each such  
term  is
and
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where
s  (7.53)
SECTION 7.8 -  THE EXPRESSIONS FOR THE MATRIX ELEMENTS
The genera lised  m atrix  e igenvalue  eq u a tio n  w hich y ie ld s  th e  
eigenvalues and th e  v a r ia t io n a l co e ffic ien ts  is  g iven  by eq. 
(6.19). In th is  section , th e  m atrix  elem ents which a p p e a r  in  th a t  
equation  a re  given. The p r in c ip le s  by which each one is  d e riv ed  
from th e  t r ia l  fu n c tio n  d efin ed  in  eq. (7.46) a re  th e  same, and  i t  
would serve  no d id ac tic  p u rp o se  to  m inutely  d eriv e  each  one. The 
n ecessary  techn iques a re  i l lu s t r a te d  by d e ta ile d  co n s id e ra tio n  o f 
ju s t  one of th e  m atrix  elem ents, w hich ex erc ise  is  p u rsu e d  in  
Appendix B. Here, th e  f in a l r e s u l ts  [85] a re  sim ply quo ted .
In th e  follow ing ex p ress io n s , a s im p lified  n o ta tio n  is  u sed  
to  avoid u n tid in ess . All th e  q u a n ti t ie s  p ro p e r  to  a b a s is  
fu n c tio n  é a re  c h a ra c te r ise d  by th e  la b e l of th e  c o o rd in a te s  a.k
This n o ta tio n  is  su ff ic ie n t, and  in tro d u c e s  no co n fu sio n  b ecause  
th e  m atrix  elem ents w ill be g iven  in  term s o f two b a s is  fu n c tio n s  
a t  a time. The g en era l m atrix  elem ent invo lves one s e t  o f 
co o rd in a tes  in  th e  b ra , a n o th e r  in  th e  k e t, and a  th i rd  s e t  in  th e  
o p era to r, and a ll p aram eters  a re  com pletely  sp ec ified  in  te rm s o f 
th e  coo rd ina te  labels.
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The m atrix  elem ent fo r  th e  overlap  o f two b a s is  fu n c tio n s  is
X 2 (i 0i '0 |X 0)(l 0l'0|X0)W(i i ' l l’;Xj ) 
A=0 * * ® ®
X (2m+2A + l)!! ___
a a a a
,n-m
4 2j^+n+X+Z ^n + X+3/2
m
X Z (2k+2X+2n+lVA 
k=0 (2k+2A+l)!!
' " ■ I  r f  ■
I H  I
(7.54)
The R aynal-transfo rm ation  co e ffic ien t is  g iven by [112,113]
= (21, + l)(2l,+ l)
1 1 L - T + p  H , T - X
X  s  a (i - / i O l - T + f x O  11 ' 0)(jli0t-m 0 | l ’ o )
M=o ba ba b a  ba
X 2i I
2#i
2tb '
2 ( T - # x )
1/2
1 -fi  L - T + f i  1 '
b b a
I I  T-fl
1 L J
(7.55)
where as u su a l
.
IbJ = a!/((a-b) b!).
(7.56)
and th e  n ine-argum ent b races  s tan d  fo r  th e  n in e -j sym bol.
In ex p ressio n  (7.54) W s tan d s  fo r  th e  Racah c o e ff ic ie n t, and 
1 = (21+1)^^^, fo r  example.
The q u a n titie s  y , r '  , a and a ' d efin e  th e  c o o rd in a te s
ba ba ba ba
(r  ,R ) in  term s o f th e  co o rd in a tes  (r  ,R ) and  come from  th e
b b a a
re la tio n s  (7.27) to  (7.38). Thus
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= ^ba^a + ® b a ^  ' (7.57)
and
w hile f), Ç and Ç have th e  d e fin itio n s
T) = V + V r l  + A y '^  , (7.59)
a b ba b ba
(  = A + y + A 6 '2  , (7.60)
a b ba b ba
and
? = “'b^ ba^ ba + K.- (7.81)
The o th e r q u a n titie s  a re
m = (l  ^ + T -A)/2 , (7.62)
and
n = ( i  + 1  + L -  T + A)/2 . (7.63)a b b
The summation ran g es  fo r  th e  v ario u s  ind ices a re  d e te rm in ed  
by th e  Clebsch-G ordan c o e ffic ie n ts  th ro u g h  th e  tr ia n g le  
in eq u a lity  [106]. Thus
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1 + i ' > A ^ | i  - I ' l ,  (7.64)
a a a a
L + L* ^ A  ^ I L -  l ' I,  (7.65)â â a a
I + L  - T ^ 1 ^ I L -  T + 2 f i - i | ,  (7.66)
b b a b
T £ a I T - 2(11, (7.67)
and from th e  angu lar p a r t  o f th e  w avefunction  when j  is  composed 
from 1 and l ,
a a
1 + L > J > | l  -  L I . (7.68)
a a a a
The m atrix  elem ents invo lv ing  th e  H am iltonian o p e ra to r  a re  
b e s t expressed  by tak in g  th e  in te ra c tio n  and th e  k in e tic -e n e rg y  
p a r ts  separa te ly . For th e  in te ra c tio n  V(r^), th e  m a trix  elem ent 
w ith  re sp ec t to  the  th e  b a s is  fu n c tio n s  ^^(a) and 0j^,(b) is
<^k(a)|v(r^)|ÿ^,(b)>  = (-1 )'
c c
X Z 1 U < 1  L j | i  L TJ> . Z ( i  0 i ' 0 | a 0 ) ( l  Ol'OIaO)b b c c c c b~^ c .. c c c c
1 L T A=0
w here
U(r ) = V(r ^exp(-(7)-^^/7))r^)dr . (7.70)
c 0 c c
For th e  Coulomb p o te n tia l V = 1 /r , U is  [108]
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U(r ) =  (rn-X-fjc) ! (7.71)
2(D-g k )  " "
and fo r  th e  G aussian p o te n tia l  V = exp(-^r^).
U(r ) =  (2(n+A+k) + l)!!
2(2(r,-c"/<+(!))" + i
Here, m and n are  d efin ed  d iffe re n tly  from  p rev io u s ly , and 
are  now
m = (t + t' -  A)/2, (7.73)
and
n = (i + L + 1 + L - t - t ’ -  A)/2 ; (7.74)a a b b
also
T) = i ; y^ + Ay ' ^  + v + A y '  ^ , (7.75)a ac a ac b be b be
C = y ô ^  + A ô ' ^ + i ; ô ^  + A a '  ^ , (7.76)a ae a ae b be b be
Ç = u y ô  + X y ' 5 ' +  + X r'  5'  . (7.77)a ae ae a ae ac b be be b be be
From th e  in eq u a litie s
1 + 1 '> X £ I 1 - l ’ I .  (7.78)e e e e
L + l ' £  X £ | l  -  l  I ,  (7.79)c e e e
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1 + L ^ J i  l -  L ,
c c c c
1 ’ + l ' ^  J 2= I 1 ' -  l '  I ,
c e  e e
1 + L  - T i l  ^ | l  -  L + T
a a e a a
1 + L -  L + t '
b b e b b
2X| .
2A' | .
T £  L £ I T -  2X I
(7.80)
(7.81)
(7.82)
(7.83)
(7.84)
and
t ’ 2: l ' 2: t ' - 2X'
e
(7.85)
corne th e  summation ranges. In e q u a litie s  (7.80) to  (7.83) come 
from th e  Clebsch-G ordan c o e ffic ie n ts  in  th e  R ay n a l-tran sfo rm atio n  
co effic ien ts .
F inally , th e  k in e tic  m atrix  elem ent is
< ÿ j ^ ( . ) | ( - h V  /2(i^ / 2 M j | f j ^ , ( b ) >  = (-1)''N ^N ^
a a
X Z <1 L . 1 L i ' l '  Z (i 0 i ' 0 | a 0 ) ( l  0 l ' 0 | a 0 )
 ^  ^ I b b a a b“^ a a a a a ^  a a a a
a a
X W(i i ' l l';Aj)(I + I + I ),
a a a a 1 2 3
(7.86)
w here
I = Q. IL
(2m.+2A+l)!! ' n .+A+3/2
m
X Z
 ^ 16 ^m . +A+3/2
k . L’i c - ç ' j  ’
i (2k+2A+2n.+l)!!
k :o  (Z;c+2A+1) 11
(7.87)
w ith
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Q ^ =  2 h ^ ( i ^ + 3 / 2 ) / m ^  + 2 î i ^ ( l ^ + 3 / 2 ) / M ^  , ( 7 . 8 8 )
nil = ( l^  + T - (7.89)
n  = ( i  + 1 + L  -  T -  A ) / 2  ; ( 7 . 9 0 )1 a b a
Og = -2h^y^/m^ , (7.91)
= ( l^ + t -  A ) / 2  , ( 7 . 9 2 )
n  = ( i  + 1  + L -  T -  A + 2 ) / 2  ; ( 7 . 9 3 )
2 a b b "
and
= -2h^X^/M^ , (7.94)
= (l  ^ + t -  a + 2)/2 , (7.95)
n = (i + 1 + L -  T -  A)/2 . (7.96)
3 a b b
The summation ranges are  th e  same as fo r  th e  case  o f th e  
overlap  m atrix  elem ents. So are  th e  d e fin itio n s  o f tj, ^ and  <.
SECTION 7.9 -  EXPECTATION VALUES
Once th e  s ta tio n a ry  p o in ts  of exp ression  eq. (6.1) h av e  been 
ob ta ined , th e  v a ria tio n a l co effic ien ts  c^ in  th e  ex p an sio n  fo r  th e  
w avefunction  eq. (7.52) a re  known, and th e  co m p u ta tio n  of 
ex p ec ta tio n  values can proceed. I t  shou ld  be n o te d  th a t  a 
w avefunction  which gives an energy of g iven accu racy  is  i t s e l f  
le ss  accu ra te , s ince according  to  eq. (6.10), th e  energy  
q u ad ra tic a lly  converges to  th e  exact value, w hile th e  convergence 
of th e  w avefunction  is  only lin ea r. Thus e x p e c ta tio n  v a lu e s  a re  
ob ta ined  le ss  accu ra te ly  th a n  th e  correspond ing  energy.
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Several expecta tion  v a lu es  a re  of d ire c t p h y sica l in te re s t .  
The leng th  of th e  kaonic bond betw een th e  two p ro to n s  is  given by 
th e  expecta tion  value of th e  sep a ra tio n  r^ = | r^ | (as shown in  
Fig. 7.1). A second m easure o f th e  size of th e  ion is  th e  sq u a re  
ro o t of th e  expecta tion  va lu e  o f r \  Yet a th ird  is  th e  
ex p ec ta tio n  value of r^; being  th e  average d istan ce  o f th e  kaon  
from a pro ton , i t  g ives th e  p o s itio n  of th e  maximum d en s ity  of th e  
kaon charge d is tr ib u tio n . A co llec tio n  of th e se  ex p ec ta tio n  
v a lu es  fo r  v ario u s  th ree -b o d y  ions is  given in  re fe ren ce  [114].
SECTION 7.10 - THE EXPRESSIONS FOR THE EXPECTATION VALUES
As th e  w avefunction is  g iven by
’ (7.97)
k=l
th e  expecta tion  value fo r  th e  o p e ra to r  O is
< o >  =
For O = r^ , th e  m atrix  elem ents a re  id e n tic a l to  th o se  fo r  th e  
in te ra c tio n  term  in th e  H am iltonian (which is  ca re fu lly  d e riv ed  in  
Appendix B). For th is  reaso n , th ey  a re  given by (B41), w ith
U(r ) = X d r r  "  ^ exp(-(7î-Ç /Ç)r ) (7.99)
c c c c
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w here
2n - 1  + L +1 + L ~ T “ T* + 2k + 2 + A, (7.100)
a a b b
w ith n a p o s itiv e  in teg er. From form ulas (B45) and (B46),
U(r ) =  (3 n + q -l)! ! tcC i f  q is  even, (7.101)
J
and
(7.102)
The m atrix  elem ent in  th e  sq u are  of th e  w avefunction  in  th e  
denom inator of eq. (7.102) is  ev id en tly  given by ex p ress io n  
(7.54).
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CHAPTER EIGHT -  COMPUTATIONAL DETAILS AND RESULTS 
SECTION 8.1 -PRELIMINARY COMMENTS
In th is  ch ap te r, th e  u se  of th e  com puter codes b ased  on th e  
form ulas given in  C h ap te r 7 is  explained, and th e  r e s u l ts  o f th e  
ca lcu la tio n a l e f fo r ts  a re  p re sen ted . The com puter program  u sed  to  
ob ta in  th e  energ ies was a m odification  of a basic code su p p lied  
by Kamimura, w hile th e  codes fo r  th e  ca lcu la tion  of th e  m atrix  
elem ents appearing  in  th e  ex p ec ta tio n  were based lo o se ly  on th e  
main one. All ca lcu la tio n s  w ere ca rried  ou t in d o u b le -p rec is io n  
a rith m etic  on th e  Prime 750 com puters a t  th e  U niversity  o f S u rrey  
and th e  Cray 6 com puter a t  th e  R u therford-A ppleton  L ab o ra to ry .
The lab o u r in v ested  on th e  energy in  a c a lc u la tio n  on th e  
ppK ion is  doubled by th e  n ec e ss ity  to  compute, fo r  a g iv en  s ta te , 
th e  energy correspond ing  to  th e  fu ll  p o ten tia l on th e  one hand, 
and th e  value fo r  th e  case o f no s tro n g  in te ra c tio n  on th e  o th e r . 
The pu re ly  electrom agnetic  energy  has to  be su b tra c te d  from  th e  
fu ll  value  fo r  th e  e ffe c ts  o f th e  s tro n g  in te ra c tio n  to  m an ife st 
them selves.
SECTION 8.2 -  THE STRONG INTERACTION
The s tro n g  in te ra c tio n  is  in tro d u ced  in to  th e  c a lc u la tio n  
s tra ig h tfo rw a rd ly  by com puting i t s  m atrix  elem ents and ad d in g  them  
to  th e  H am iltonian m atrix  elem ents (6.21). A more am biguous is su e
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concerns th e  form to  be u sed  to  re p re se n t th e  p o te n tia l. The 
s tro n g  fo rce  betw een each p ro to n  and th e  kaon o p e ra te s  in  i t s  
p u re s t form in kaonic hydrogen. But th e re  is  as y e t no unanim ity  
in  th e  l i te r a tu r e  on th e  sca le  of s tro n g - in te ra c tio n  e ffe c ts  in  
th a t  atom [20-23]. In th e  absence o f b e t te r  guidance, convenience 
is  co n su lted  and th e  Kp p o te n tia l o f D eloff and Law [24] is  
adopted . I ts  G aussian form is  w ell su ite d  to  th e  p re se n t 
fo rm ulation , s ince th e  advan tage of c losed  m atrix  elem ents is  
p reserv ed . In th e  exp ression
= -(V^ + iV^)exp(-0.4586r^/j3^), (8.1)
and a re  th e  re a l and im aginary s tre n g th s  and a re  c o n s ta n ts  
fo r  a g iven  value  of |3. The th re e  param eters  a re  f i t te d  to  
s c a tte r in g  d a ta . The v a lu es used  are
V = 526.20 MeV,
= 429.51 MeV, (8.2)
j3 = 0.45 .
The m atrix  elem ent of V is  ex p ressed  by form ula (7.69), w ith  U 
being now given by ex p ress io n  (7.72).
SECTION 8.3 -  DESCRIPTION OF THE INPUT DATA
Table 8.1 is  an example of th e  in p u t to  th e  v a r ia t io n a l  code 
fo r  a ca lcu la tio n . The lin e s  of in p u t have th e  fo llow ing 
meanings:
135
5 1.00
NC=2 J=0 1
1 0 0 10 18. 700. 10 20. 900.
3 0 0 10 20. 500. 10 20. 800.
Table 8.1. Example in p u t fo r  energy c a lcu la tio n ; th e  
s ig n ifican ce  of th e  e n tr ie s  is  g iven in  th e  te x t.
1
2.265 526.20 429.51
Table 8.2. S tro n g -in te ra c tio n  in p u t param eters; th e  id e n t i ty  o f 
th e  e n tr ie s  is  d iscu ssed  in  th e  te x t.
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The f i r s t  num ber on th e  f i r s t  lin e  se lec ts  th e  th ree -b o d y
ion  o f in te re s t  from th e  se v e ra l which th e  g en era l code can
handle. The second num ber o ffe rs  th e  p o ss ib ility  of c o n s tru c tin g  
th re e -b o d y  ions in  which th e  n eg a tiv e  p a r tic le  has an a rb i tr a ry  
mass. This mass is  ach ieved  by sim ply m ultip lying th e  a p p ro p ria te  
n e g a tiv e -p a rtic le  mass by th e  num ber. For norm al p u rp o ses  
th e re fo re , and fo r  a g iven  genera lized  hydrogen m olecular ion, 
th is  fa c to r  is  un ity . This p ro v is io n  may be somewhat obscu re  b u t 
th e  need fo r  i t  becomes c le a r  la te r .
The correspondence betw een f i r s t  num ber and m olecular ion  is
1 -  p ro to n -p ro to n -m u o n  system ,
4 - p ro to n -p ro to n -p io n  system ,
5 - p ro to n -p ro to n  kaon system
and
6 -  p ro to n -p ro to n -e le c tro n  system .
The f i r s t  e n try  on lin e  2 g ives th e  num ber o f (i
com binations to  be used  in  th e  t r i a l  function ; in  com bination 
w ith  th e  channel lab e l a, th e se  w ill h en cefo rth  be ca lled
co n fig u ra tio n s . The second e n try  is  obviously  th e  j  quantum  
num ber of th e  s ta te  u n d er co n s id e ra tio n , w hile th e  th ird  e n try  is  
th e  v ib ra tio n a l quantum  num ber v. Label v is  read  in  to  sp ec ify  
w hich of th e  N s e ts  of v a r ia tio n a l  co e ffic ien ts  is  to  be w ritte n  
o u t fo r  use in  com puting ex p ec ta tio n  values. In many cases, only 
th e  v=0 s ta te  is  bound [115].
In th e  example in p u t, two co n fig u ra tio n s  a re  u sed  in  th e  
w avefunction. Line 3 g ives th e  p aram eters  c h a ra c te r is in g  th e
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f i r s t  one. The f i r s t  e n try  here  is  th e  lab e l of th e  Jacob i 
channel a to  w hich th is  co n fig u ra tio n  belongs. The n e x t e n tr ie s  
a re  th e  an g u la r momenta and l resp ec tiv e ly . The fo u r th  num ber 
gives th e  num ber o f term s n. over th e  i-sum m ation. N ext a re  th e  
v a lu es  of r  and r  resp ec tiv e ly fth ese  p aram eters  a re  defined
mi n max
by eq. (7.47)) . The sev en th  en try  is  th e  num ber of te rm s n^ in  
th e  j-sum m ation, w hile th e  la s t  two e n tr ie s  a re  th e  ex trem es of 
th e  size p aram eter fo r  th is  summation, R and R (defined  by
mi n max
eq. (7.48). The num ber o f b as is  fu n c tio n s  co rresp o n d in g  to  th is  
co n fig u ra tio n  is  th e  p ro d u c t of th e  fo u r th  and  th e  sev en th  
en tr ie s . In th e  exam ple, th is  num ber is  100, fo r  lin e  3.
Line 4 h as  th e  same in te rp re ta tio n  as lin e  3; th e  to ta l  
num ber of b a s is  fu n c tio n s  in  th e  example is  200.
Table 8.2 g ives th e  in p u t d a ta  fo r  th e  p a ram e te rs  of th e  
s tro n g  in te ra c tio n . For added fle x ib ilty , th e re  is  p ro v is io n  fo r  
any num ber of G aussian  term s in  th e  exp ression . T h is to ta l  is  
dec lared  on th e  f i r s t  line . The su b seq u en t lin e s  each  give th e  
exponent, w hich in  th is  case is  0.4586/^^, and th e  s tre n g th s  of 
th e  re a l and im aginary  p a r ts  resp ec tiv e ly .
SECTION 8.4 -  GENERAL COMMENTS ON THE CALCULATIONS
In a p ra c tic a l ca lcu la tio n , th e  co n fig u ra tio n s  a re  
in tro d u ced  sy stem atica lly . F irs t,  only one is  em ployed; th e  
v a riab le s  (th e  num bers of term s in  th e  sum m ations and  th e  lim its  
of th e  size param eters) a re  a d ju sted  u n ti l  th e  energy  is  as  low as 
possib le . Then an o th e r  co n fig u ra tio n  makes i t s  ap p earan ce  and th e  
p rocess  is  rep ea ted . This goes on u n ti l  th e  energy  is  c o n s ta n t to
138
th e  d esired  accuracy. I t  is  found th a t  th e  v a rio u s  a d ju s ta b le s  
are  alm ost independen t of one an o th er, which co n sid e rab ly  sh o rte n s  
th e  time i t  tak es  to  s ta b i l is e  th e  energy value.
In choosing com binations of (i , l ) to  feed  in to  th e  
ca lcu la tion , th e  sm allest v a lu es  c o n s is te n t w ith  th e  tr ia n g le  
in eq u a lity  should  alw ays be used  in itia lly , s ince th e  im portance 
of h ig h er va lues rap id ly  d im inishes. I t  is  u n lik e ly  th a t  e i th e r  
one o f th e  angu lar momenta would need to  exceed th e  v a lu e  2.
One of th e  re s u l ts  in  C hap ter 6 m ight seem to  o ffe r  a way 
ou t of ad ju stin g  th e  p aram eters , and th e reb y  of ex p ed itin g  th e  
energy ca lcu la tion . The lin e a r -v a r ia t io n  energy im proves when th e  
num ber of b as is  fu n c tio n s  is  increased . Thus th e  problem  sh o u ld  
be so lvab le  a t a s tro k e  by usin g  an a rb itra ry  com bination o f size 
param eters and a v ery  la rg e  num ber of b asis  fu n c tio n s . In 
re a lity , th e  num erical d if f ic u lt ie s  ad v erted  to  in  th e  same 
ch ap ter, which a r ise  i f  th e  b asis  fu n c tio n s  s u f fe r  from  
n e a r- lin e a r  dependence, p re v e n t th is  sh o rtcu t. While G aussian  
fu n c tio n s  and d iffe re n t pow ers o f r  o r R a re  lin ea rly - in d e p e n d e n t 
in  theory , they  are  n o t alw ays so from a num erical p o in t o f view. 
More im portan tly , i f  th e  v a lu es  in  some rows o r colum ns o f th e  
H am iltonian m atrix  a re  s im ila r  -  which may happen i f  th e re  a re  to o  
many basis  fu n ctio n s in  a  s ize -p aram eter in te rv a l  -  th e n  th a t  
m atrix  may be ill-conditioned» w ith  re sp ec t to  d iag o n a liza tio n  o f 
th e  eigenvalue problem. To ' jpfevent th is , much care  h as  to  be 
exercised  in  th e  choice o f th e  n o n -v a ria tio n a l p aram eters . I t  is  
good p rac tice  to  keep th e  num ber of b as is  fu n c tio n s  fo r  any 
co n fig u ra tio n  to  th e  minimum co n s is te n t w ith  req u irem en ts . 
F o rtu n ate ly , num erical problem s u su a lly  b e tra y  them selv es
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consp icuously  by th e  sudden  ap p earan ce  of n eg a tiv e  num bers o f very  
' la rg e  m agnitude.
I t  is  found th a t  th e  ch an n e ls  1,2 and 3 do n o t c o n tr ib u te  
equally  to  th e  binding energy  fo r  th e  same com bination (i ^,L^). 
Channels 1 and 2 have a b ig g er in flu en ce  th a n  channel 3. This 
circum stance can be ex p la in ed  from  th e  co n s id e ra tio n s  a t  th e  
beginning of C hapter 7. Thus, th e  com bination in  which th e  
an g u la r momentum re la t iv e  to  a  p ro to n  and th e  kaon is  given 
ex p lic itly , as in  channels 1 and  2 is  n a tu ra l, s in ce  i t  su g g ests  a 
conform ation of p a r tic le s  w herein  th e  ion is  form ed by th e  
a sso c ia tio n  of a second p ro to n  to  kaon ic  hydrogen. On th e  o th e r  
hand, i t  is  le ss  su itab le  to  d e fin e  an an g u la r momentum e x p lic itly  
w ith  re sp e c t to  two p ro to n s  because  th ey  a re  n ev er bound in  th e  
absence of a negative p a r tic le . The u n equal im portance o f th e  
th re e  channels d ic ta te s  th a t  th e  f i r s t  co n fig u ra tio n  in  th e  
system atic  co n stru c tio n  of th e  w avefunction  shou ld  alw ays belong 
to  channel 1 o r 2. Here i t  sh o u ld  be m entioned th a t  th o u g h  th e  
cause of g en era lity  was se rv ed  in  C h ap te r 7 by ana lysing  a case 
w here a ll th re e  re -a rran g em en t ch an n els  of th e  th re e -b o d y  system  
fig u red , th e  com puter code e x p lo its  th e  fa c t th a t  channels  1 and 
2 a re  id en tic a l by om itting  th e  second. No co n fig u ra tio n s  a re  
ev e r en te red  fo r  th a t  channel, and i t  is  channel 1 to  w hich th e  
co n fig u ra tio n  on line  th re e  o f th e  in p u t shou ld  alw ays belong.
Once th e  energy h a s  been o b ta in ed , th e  v a r ia t io n a l  
co e ffic ien ts  a re  known, and  th e  ex p ec ta tio n  v a lu es  can be 
com puted. In C hapter 7, i t  was m entioned th a t  in  th e  co u rse  of 
th e  energy ca lcu la tion , th e  b a s is  fu n c tio n s  a re  each g iven  one 
index  to  lab e l them when th e  m atrix  elem ents a re  com piled. The
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w avefunction  is  ex tra c te d  from  th e  ca lcu la tio n  by w ritin g  o u t th e  
p a ram eters  fo r  th e  chosen v ib ra tio n a l s ta te  in to  two f ile s . In to  
th e  f i r s t  one goes th e  in d ex  k ,  and th e  v a r ia tio n a l  c o e ffic ien ts  
fo r  th e  basis  fu n c tio n s . The second f i le  rece iv es  th e  
n o n -v a ria tio n a l param eters , w hich fo r  an index  k  a re  th e  channel a 
to  w hich a basis  fu n c tio n  belongs, th e  v a lu e  o f i th e  v a lu e  of 
u , th e  va lu e  of l and th e  va lu e  of A . The tw o f ile s  a re  th en
a a a
re ad  by th e  program  fo r  th e  ex p ec ta tio n  value.
Checks on th e  accu racy  of th e  c a lc u la tio n s  w ere made by 
rep ro d u c in g  some energy v a lu e s  p r iv a te ly  com m unicated by Dr 
Kamimura [85], and th en  com puting th e  en erg ies  o f exo tic -a tom  
hydrogen m olecular ions a lread y  tre a te d  in  th e  l i te r a tu r e  
[59,115].
SECTION 8.5 -  THE VALUES OF THE CONSTANTS USED IN THE CALCULATION
The follow ing v a lu es  o f co n s ta n ts  have been  used  in  th is  
ca lcu la tio n :
n = 3.141 592 653 589 793.
a  = 1/137. 035 982, th e  f in e -s t ru c tu re  co n s tan t, 
he = 197.328 58 MeV.F, th e  p ro d u c t o f P lan ck ’s c o n s ta n t and 
th e  speed of lig h t, 
m^ = 0.511 003 4 MeV/c^, th e  e le c tro n  mass, 
m^ = 105.659 48 MeV/c^, th e  muon mass, 
m^ = 938.279 6 MeV/c^, th e  p ro to n  mass, 
m^ = 139.580 MeV/c^, th e  pion  mass, 
m^ = 493.78 MeV/c^, th e  kaon mass.
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All d istances ' a re  m easured in  F, and en erg ies  in  MeV.
SECTION 8.6 -  RESULTS FOR THE j =0, v =0 STATE
The ground s ta te  o f th e  ppK ion  is  th e  j =0, v =0 s ta te .  The 
ab so lu te  energy of th is  s ta te  is  sim ply th e  num ber o b ta in e d  from  
diagonalizing  th e  m atrix  e ig en v a lu e  eq u a tio n  (6.19). T h is is  n o t 
th e  tru e  b inding energy how ever, s ince  to  d es tro y  th e  th re e -b o d y  
system  i t  is  necessary  only  to  d e tach  one o f th e  p ro to n s . The 
am ount of energy which e ffe c ts  th is  is  ju s t  th e  d iffe re n c e  betw een 
th e  ab so lu te  energy and th e  b ind ing  energy  of th e  I s  s ta te  in  
kaonic  hydrogen - th is  atom being  th e  re s id u a l system . I t  is  th is  
d iffe ren ce  which is  quo ted  here . Two v a lu es  a re  u sed  fo r  th e  Is  
energy. The simple re s u l t
= -Z(i^e"/2h\ (8.3)
from th e  Bohr form ula (here is  th e  red u ced  mass and Z th e  atom ic 
number) app lies when th e  e lec tro m ag n e tic  energy of a ppK s ta te  is  
u n d er consideration . When th e  to ta l  b ind ing  energy is  so u g h t, th e  
th re sh o ld  value  includes th e  k ao n ic -h y d ro g en  Is  s tro n g - in te ra c t io n  
s h if t .  U nfortunately , th e  c o n tr ib u tio n  o f th e  Is  s h i f t  to  th e  
th re sh o ld  value  is  a tten d e d  w ith  th e  u n c e r ta in tie s  to  w hich th is  
q u a n tity  is  sub jec t. In ad d itio n , th e  u su a l sm all c o rre c tio n s  to  
a to m ic -s ta te  energ ies a re  th e o re tic a lly  n ecessary  [117]; h e re  
th ey  a re  ignored  because th e  th re e -b o d y  ca lcu la tio n  is  n o t  re f in e d
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enough to  w arran t th e ir  in c lu sio n . I t  is  enough to  o b se rv e  th a t  
so long as th e  th re sh o ld  energy  is  q u o ted  when th e  ppK b inding  
en erg ies  a re  given, th e  o r ig in a l a b so lu te  v a lu es  can alw ays be 
reclaim ed.
The th re sh o ld  energ ies a re
= 8614.0 keV (w ithout th e  s tro n g - in te ra c tio n  s h if t) ,  (8.4)
and
c ^  = 9014.4 keV (w ith th e  s tro n g - in te ra c tio n  sh if t) .  (8.5)
When th e  ppK energy is  complex, th e  im aginary  p a r t  is  
adop ted  w ith o u t ad justm ent and g ives th e  a b so rp tio n  r a te  o f th e  
kaon on th e  p ro tons. The connection  betw een th e  im aginary  p a r t  
of th e  eigenvalue and th e  ab so rp tio n  w id th  T is
r  = -2E^. (8.6)
As p rescrib ed  in  C hap ter 6, th e  energy  from th e  v a r ia t io n a l  
m ethod is  accepted  when th e  p lo t o f energy  a g a in s t num ber o f b a s is  
fu n c tio n s  becomes asym ptotic. Fig 8.1 show s th e  p lo t f o r  th e  j =0, 
v=0 energy  w ithou t th e  s tro n g  in te ra c tio n . For each  p o in t, th e  
energy v a lu e  p lo tted  is  th e  b e s t o b ta in ed  by a d ju s tin g  th e  
n o n -v a ria tio n a l param eters. The d e ta ils  o f th e  w av efu n c tio n  fo r  
each p lo tte d  po in t a re  reco rded  in  Table 8.3.
The g raphs in  Figs 8.2 and 8.3 d e p ic t th e  re a l  and  im aginary  
p a r ts  o f th e  energy fo r  th e  case when th e  s tro n g  in te ra c t io n  is
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Fig.8.1. G raph o f j=0, v=0 binding en ergy  a g a in s t  n u m b er o f 
b a s is  fu n c tio n s  fo r  th e  case  o f no  s tro n g  
in te ra c tio n .
n^ Energy 
(eV)
Channel ^a a La m i n
(F)
r max
(F)
m^in
(F)
Rmax
(F)
100 -395.98 1 0 0 10 7.5 400 10 18 800
200 -486.44 1 0 0 10 7.5 400 10 18 800
0 0 10 25 500 10 20 500
225 -491.10 1 0 0 10 7.5 • 400 10 18 800
0 0 10 25 500 10 20 500
1 1 1 5 25 400 5 15 800
236 -491.24 1 0 0 10 7.5 400 10 18 800
0 0 10 25 500 10 20 500
1 1 1 6 25 400 6 15 800
264 -491.32 1 0 0 10 7.5 400 10 18 800
0 0 10 25 500 10 20 500
1 1 1 8 25 400 8 15 800
281 -491.33 1 0 0 10 7.5 400 10 18 800
0 0 10 25 500 10 20 500
1 1 1 9 25 400 9 15 800
300 -491.34 1 0 0 10 7.5 400 10 18 800
0 0 10 25 500 10 20 500
1 1 1 10 25 400 10 15 800
325 -491.34 1 0 0 10 7.5 400 10 18 800
0 0 10 25 500 10 20 500
1 1 1 10 25 400 10 15 800
3 1 1 5 20 800 5 20 750
Table 8.3. W avefunction d e ta ils  fo r  th e  p o in ts  p lo t te d  in  
Fig. 8.1. n^ is  th e  num ber o f b a s is  fu n c tio n s .
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in tro d u ced  in to  th e  ca lcu la tio n . As befo re  th e  a b s c is s a  is  th e  
number of b as is  functions. The d e ta ils  o f th e  w av efu n c tio n s  a re  
given in  Table 8.4. For th is  s ta te , th e  f in a l  r e s u l t s  a re  
co llec ted  in  Table 8.5. Also given th e re  a re  th e  e x p e c ta tio n  
va lues of v a rio u s  pow ers o f a ll th re e  in te r -p a r t ic le  d is ta n c e s  fo r  
one of th e  num erous t r ia l  fu n c tio n s  used  in  th e  c a lc u la tio n .
SECTION 8.7 - RESULTS FOR EXCITED STATES
When th e  s tro n g  in te ra c tio n  is  included  in  th e  c a lc u la tio n  
fo r  j=0 s ta te  energ ies, w ith  th e  th re sh o ld  energy f ix e d  a t  th e  
va lue  from Bohr's form ula, n eg a tiv e  v a lu es  ap p ear fo r  th e  v=l 
s ta te  as well. This in d ica te s  th a t  th e  s tro n g  fo rc e  m ight be 
producing a new bound s ta te . The n o n -v a ria tio n a l p a ra m e te rs  a re  
ad ju sted  to  f in d  th e  low est v a lu e  fo r  th e  energy. As u su a l, one 
co nfigu ra tion  is  f i r s t  employed. The re s u l ts  a re  ta b u la te d  in  
Table 8.6. I t  is  observed  th a t  th e  energy does n o t e x h ib it  a 
minimum w ith  re sp ec t to  th e  size p aram eter R b u t alw ays f a l ls
max
as th is  is  increased . But i t  ten d s  to  u ,.  . * - a  c e r ta in  v a lu e
as th e  param eter grows v ery  large . On in tro d u c in g  o th e r  
co n fig u ra tio n s, th e ir  e ffec t is  found to  be n eg lig ib le . This fa c t  
in d ica tes  th a t ,  f a r  from being an e x c ite d -s ta te  energy  f o r  th e  ppK 
system, i t  is  ac tu a lly  fo r  th e  kaon ic-hydrogen  atom. In  th e  n e x t 
chap ter, i t  is  shown th a t  th e  new eigenvalue  g iv es  th e  
s tro n g -in te ra c tio n  s h if t  and w idth  fo r  th e  Is  s ta te  o f  k ao n ic  
hydrogen. The b e s t v a lu e  o b ta in ed  h e re  is  (sh if t,w id th )  = 
(-400.4,1074.7) eV.
In many generalized  hydrogen m olecular io n s, th e  j =1, v =0
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n^ Energy 
(eV)
Channel i
a a La
(F)
r
max
(F)
""j
R .m 1 n
(F)
Rmax
(F)
100 (-424.37, 1 0 0 10 18 700 10 15 1000
1149.28)
200 (-510.73, 1 0 0 10 18 700 10 15 1000
1141.54)
3 0 0 10 20 500 10 20 800
204 (-510.72, 1 0 0 10 18 700 10 15 1000
1141.59)
3 0 0 10 20 500 10 20 800
1 1 1 2 25 700 2 15 800
209 (-510.97, 1 0 0 10 18 700 10 15 1000
1141.49)
3 0 0 10 20 500 10 20 800
1 1 1 3 25 700 3 15 800
216 (-513.76, 1 0 0 10 18 700 10 15 1000
1141.65)
3 0 0 10 20 500 10 20 800
1 1 1 4 25 700 4 15 800
225 (-514.61, 1 0 0 10 18 700 10 15 1000
1141.10)
3 0 0 10 20 500 10 20 800
1 1 1 5 25 700 5 15 800
236 (-515.01, 1 0 0 10 18 700 10 15 1000
1141.34)
3 0 0 10 20 500 10 20 800
1 1 1 6 25 700 6 15 800
Table 8.4. W avefunction d e ta ils  fo r  th e  p o in ts  p lo t te d  in  
Figs. 8.3 and 8.4. The n eg a tiv e  p a r t  of th e  energy  is  th e  
binding energy and th e  o th e r  p a r t  is  th e  a b so rp tio n  w id th . 
Continued on n ex t page.
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Energy
(eV)
Channel i
a a
L
a r m 1 n
(F)
r
max
(F)
m^in
(F)
Rmax
(F)
264 (-515.03, 1 0 0 10 18 700 10 15 1000
1141.65)
3 0 0 10 20 500 10 20 800
1 1 1 8 25 700 8 15 800
281 (-515.02, 1 0 0 10 18 700 10 15 1000
1141.67)
3 0 0 10 20 500 10 20 800
1 1 1 9 25 700 9 15 800
300 (-515.01, 1 0 0 10 18 700 10 15 1000
1141.83)
3 0 0 10 20 500 10 20 800
1 1 1 10 25 700 10 15 800
325 (-515.01, 1 0 0 10 18 700 10 15 1000
1141.83)
3 0 0 10 20 500 10 20 800
1 1 1 10 25 700 10 15 800
3 1 1 5 20 800 5 25 900
Table 8.4. W avefunction d e ta ils  fo r  th e  p o in ts  p lo tte d  in  
Figs. 8.3 and 8.4. The neg a tiv e  p a r t  of th e  energy  is  th e  
binding energy and th e  o th e r  p a r t  is  th e  a b so rp tio n  w idth .
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Electrom agnetic b ind ing  energy = 
Total b ind ing  energy =
Strong - in te ra c tio n  s h if t  =
S tro n g -ab so rp tio n  w idth  =
491.3 eV 
515.0 eV 
-23.7 eV 
1141.7 eV
Channel a 1 2 3
<r >
a 6.52 6.50 2.87
<r^>
a 55.1 55.0 19.3
E xpectation v a lu es  fo r  th e sev era l channels a. Fig. 7.1 show s
which sep a ra tio n d istan ce each o p e ra to r  p e r ta in s to . <r1> is  in0
u n its  of a a n d  <r^ > i n u n its of a^ w here  a is  th e0 a 0 0
kaonic-hydrogen  Bohr rad iu s .
n Energy Channel i l n r r n . R . Ra a a 1 mi n max j m 1 n max
(eV) (F) (F) (F) (F)
124 (-512.60, 1 0 0 7 15 250 7 75 900
1220.7)
3 0 0 5 25 600 5 25 350
1 1 1 5 20 600 5 15 700
3 1 1 5 20 800 5 25 900
D etails of th e  w avefunction  used  to  o b ta in  th e  e x p e c ta tio n  v a lu e s  
above. The im aginary p a r t  of th e  energy has a lre a d y  been  
converted  to  th e  w idth.
Table 8.5. F inal r e s u l ts  fo r  th e  j=0, v=0 s ta te .
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R
max
(F)
R
max
(F)
Energy
(eV)
R •m,<n
(F)
R
max
(F)
Energy
(eV)
100 150 (11838,2812.7) 10^ 1.5X10^ (-400.4,1074.7)
1000 1500 (-429.8,1067.9) 10^ 1.5X10^ (-400.4,1074.7)
10000 15000 (-399.5,1074.7) 10^ 1.5X10^ (-400.4,1074.7)
Table 8.6. Dependence o f th e  J=0, v=l energy on th e  size 
param eters  R and R . The o th e r  param eters  a re  f ix e d  and a re
mi n max
r  . = 18F, r  = 600F, n = 10, n =1, channel= l, and  (i , l ) =
m 1 n max i j a a
(0.0). The im aginary p a r t  of th e  energy has been co n v erted  to  th e  
w idth.
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lev e l is  bound; som etim es, th e  v=l s ta te  is  as well [115]. For 
th is  reaso n , th is  s ta te  is  rep o rted  on next. Normally, a few 
experim en ts w ith th e  size param eters su ffice  to  re v e a l th e  
p resence  of a bound s ta te . But no negative  e ig en v a lu es  which 
could be in te rp re te d  as being  fo r  bound s ta te s  o f th e  ppK system  
appeared  fo r  e ith e r  th e  case  of th e  fu ll  p o te n tia l o r th e  case of 
th e  e lectrom agnetic  p o te n tia l only. The conclusion  is  th a t  th e  
J = l ,  v=0 s ta te  is  no t bound in  th e  ppK molecule. This im p o rtan t 
r e s u l t  is  considered  from an o th e r  angle.
In th e  ppfx system , th e  j= l, v=0 s ta te  is  bound. The prim ary  
d iffe ren ce  betw een th is  ion  and th e  ppK ion from th e  p o in t o f view 
of th e  v a r ia tio n a l code is  th e  value  of th e  n eg a tiv e ly -ch arg ed  
mass. T herefo re  a p lo t of th e  j= l, v=0 energy ag a in s t th e  mass of 
th e  n eg a tiv e  p a r tic le  sh o u ld  show a m eaningful dependence betw een 
th e  two q u a n titie s . The g raph  should  have a p o s itiv e  s lope  and 
shou ld  in te rs e c t  th e  energy ax is  a t  a mass value sm aller th a n  th e  
kaon mass. To s ta r t  w ith , th e  binding  is  assum ed to  be caused  
e n tire ly  by th e  Coulomb in te ra c tio n s , and th e  e lec tro m ag n etic  
energy is  exam ined f ir s t .  E x tra  p o in ts  fo r  th e  p lo t a re  secu red  
by em ploying some f ic ti t io u s  m olecular ions. The m asses o f th e  
neg a tiv e  p a r tic le s  in  th e se  ions a re  ob ta ined  from th e  kaon  v a lu e  
by m ultip ly ing  i t  by th e  f ra c tio n  given as th e  second  e n try  of 
d a ta  on lin e  1.
The re su ltin g  g raph  is  p resen ted  in  Fig 8.4. I t  conform s 
w ith  ex p ec ta tio n  and p roves conclusive ly  th a t  th e  ppk  system  h as  
no j= l, v=0 exc ited  s ta te  when th e  s tro n g  in te ra c tio n  is  ab sen t. 
As a  m a tte r  of in te re s t ,  i t  shou ld  be observed th a t  th e  energy  
v a lu es  u sed  in  th e  p lo t a re  a ll p robab ly  accu ra te  to  a  few eV;
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Mass of n eg a tiv e  p a r t ic le  (MeV/c^)
Fig. 8.4. P lo t o f j=l,v=0 energy  a g a in s t mass of n e g a tiv e  p a r t ic le
in  generalized  hydrogen  m olecu lar ions. The energy  fo r  th e  ppK 
ion would co rresp o n d  to  th e  a b sc is sa  493.78, and is  o u t o f th e  
p ic tu re  (to  th e  r ig h t)  on th is  sca le .
R
max
(F)
R Energymax
(F) (eV)
R .m-4n
(F)
R
max
(F)
Energy
(eV)
100 150 15231. 10^ 1.5X10^ 0.1167
1000 1500 152.7 10^ 1.5X10^ 0.0947
10000 15000 1.8115 10^ 1.5X10^ 0.0945
Table 8.7. Dependence of th e  J= l, v=0 energy on th e size
p aram eters  R and R
mi n max
The o th e r  p aram eters  a re fix e d  and are
r  .m 1 n 4.5F, r  = 325F,max = 10, n^ =1, channel= l , and  (i^.
(0,1). There is  no s tro n g in te ra c tio n . The ta b le  show s how th e
energy  gives th e  g ro u n d -s ta te  v a lu e  fo r  kaonic hydrogen when th e  
v a lu e  o f R is  very  large. The energy is  m easured w ith  re sp e c t to  
th e  u n co rrec ted  Bohr energy in  kaon ic  hydrogen. The im aginary 
p a r t  o f th e  energy has a lread y  been converted  to  th e  w idth .
R R
max max
(F) (F)
Energy
(eV)
R .
m jO
(F)
R
max
(F)
Energy
(eV)
100 150 (15058,461.0)
1000 1500 (-245.0,1068.8)
10000 15000 (-398.7,1074.7)
10 1.5X10 (-400.4,1074.7)
10^ 1.5X10^ (-400.4,1074.7)
10^ 1.5X10^ (-400.4,1074.7)
Table 8.8. Dependence of th e  J= l, v=0 energy on th e  size 
p a ram eters  R and R . The o th e r  param eters  a re  f ix ed  and a re
mi n max
r  . = 18F, r  = 600F, n = 10, n =1, channel= l, and  (i , l ) =
min max i j a a
(0,1). The re a l p a r t  of th e  energy  is  m easured w ith  re sp e c t  to  
th e  u n co rrec ted  Bohr energy in  kaon ic  hydrogen. The im aginary  
p a r t  o f th e  energy has a lread y  been co n v erted  to  th e  w id th .
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cer ta in ly , th e  v a lu e  o f  th e  ppji en ergy  i s  [115].
As an im p o rtan t ex erc ise , th e  j=1, v=0 energy  is  f u r th e r  
in v es tig a ted  by ad justm en ts  to  th e  size param eters. The r e s u l ts ,  
a re  given in  Table 8.7. Only one co n fig u ra tio n  o f p a ram e te rs  has 
been used  to  ex p ress  th e  w avefunction . The energy s ta y s  p o s itiv e , 
b u t approaches a lim it: from  th e  very  la rg e  v a lu es  o f  th e  size
param eter R , i t  is  once again  c le a r  th a t  th e  in te rp re ta t io n  of
max
th e  re s u l ts  is  th e  same as th a t  given fo r  th e  j=0, v= l energy. 
Again, th e  tw o-body lim it o f th e  th ree -b o d y  system , h a s  n a tu ra lly  
appeared. Thus, th e  en erg ies  in  Tables 8.6 and 8.8 re a lly  p e r ta in  
to  kaonic hydrogen. Though n o t reco rd ed  here , i t  is  o b se rv ed  th a t  
as becomes la rg e r, th e  energ ies  of more v ib ra tio n a l  s ta te s
approach  th e  lim iting  va lue . I t  is  in fe rre d  th a t  i f  R becamemax
in fin ite , th e  en erg ies  fo r  a l l  v  s ta te s  would s ta b i l is e  a t  one 
value. This phenom enon is  re a d ily  in te rp re te d , and th e  to p ic  is  
p u rsued  fu r th e r  in  th e  n ex t ch ap ter.
Next, th e  s tro n g  in te ra c tio n  is  in troduced . Now n eg a tiv e  
v a lu es do ap p ear fo r  th e  re a l  p a r ts  of th e  r e s u lts  f o r  th e  j = 1 ,  
v=0 s ta te . They do n o t co rresp o n d  to  bound s ta te s  of th e  ppK ion  
how ever, because, as th e  r e s u l ts  in  Table 8.8 show, th e  low est 
v a lu es  of energy a re  o b ta in ed  when th e  size p aram eter is  v e ry  
large. The same c o n s tru c tio n  is  p u t on th e  r e s u l ts  as  was done 
fo r  th e  case of no s tro n g  in te ra c tio n  and th e  case o f th e  j = 0 ,  v=l 
energy . The n eg a tiv e  v a lu es  ap p ear when th e  s tro n g  in te ra c t io n  
is  on sim ply because th e  th re sh o ld  energy used  is  th e  u n c o rre c te d  
Bohr va lue  fo r  a ll  cases. The reaso n  fo r  in i t ia l ly  u s in g  th e  
u n co rrec ted  th re sh o ld  energy  in  every  case was t h a t  th e  Is  
s tro n g -in te ra c tio n  s h if t  was n o t known befo rehand . M aking th e
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size p aram eter v ery  la rg e  h as  p rov ided  th is  q u an tity ; i t  is
th is  v ery  va lue  which is  quo ted  in  an e a r l ie r  p a r t  of th is  
section . The tab le s  show th a t  when th e  s tro n g  in te ra c tio n  is  off,
choosing R^^^ to  be v ery  la rg e  makes b o th  th e  j=0, v= l and th e
J=l, v=0 energ ies ten d  to  th e  same lim it. The same is  tru e  fo r
th e  case when th e  s tro n g  fo rce  is  p re sen t; b o th  j=0, v=l and j = 1 ,
v=0 energ ies  tend  to  th e  same complex lim it. The reaso n  why th e  
t r ia l  fu n c tio n s  achieve th e  same form in  th is  lim it is  given in  
th e  n ex t ch ap ter. In fa c t, a ll  j=0 energ ies, in c lu d in g  th e  one 
co rrespond ing  to  v=0 sh o u ld  behave sim ilarly . The same sh o u ld  
hold  tru e  fo r  a ll  j= l en erg ies  p rov ided  th a t  in  th e  channel 1, th e  
com bination ( i ,l) shou ld  eq u a l (0,1). These m a tte rs  a re  d iscu ssed  
more fu lly  in  th e  n ex t ch ap te r.
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CHAPTER NINE -  DISCUSSION AND CONCLUSION 
SECTION 9.1 -  THE THRESHOLD ENERGY
A b r ie f  n o te  on th e  th re sh o ld  energy is  in  o rd e r  b e fo re  th e  
re su lts  g iven in  C h ap te r 8 a re  analysed. The Is  en erg y  in  a 
hyd rogen -like  system  is  g iven  b asica lly  by th e  Bohr fo rm u la  (8.3). 
C orrections to  i t  a r is e  from  th e  e ffec ts  of r e la t iv i ty ,  vacuum  
p o la riza tio n , th e  f in i te  s ize of charge d is tr ib u tio n s  and , in  th is  
case, th e  s tro n g  in te ra c tio n . The la s t  co rrec tio n  is  th e  la rg e s t  
and adds to  th e  b as ic  v a lu e  of -8614.0 eV a f u r th e r  -400.4 eV. 
The va lu e  u sed  h e re  fo r  th e  s h if t  is  n o t in  agreem ent w ith  th o se  
in  th e  l i te r a tu r e  [20-23]. However, i t  is  p la u s ib le , and  more 
im portan tly , s ince  i t  p roceeds n a tu ra lly  from th is  s tu d y , is  th e  
r ig h t one to  use. The d iv e rs ity  of va lu es  in  th e  l i t e r a tu r e  fo r  
th e  s tro n g - in te ra c tio n  s h if t  and ab so rp tio n  ra te , is  i l lu s t r a te d  
by th e  com pilation  in  re f. [20].
The co rre c ted  th re sh o ld  energy is  used  only  when th e  s tro n g  
in te ra c tio n  is  "on" in  th e  ppK ion. To ge t th e  b in d in g  en erg y  fo r  
th e  case when only e lectrom agnetic  fo rces  o p era te , th e  u n c o rre c te d  
th re sh o ld  energy  is  used . The v a lu es p a r t ic u la r  em ployed in  h is  
work h^ve a lread y  been g iven  in  C hap ter 8.
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SECTION 9.2 - THE TWO-BODY LIMIT OF THE ppK ION
The reaso n s some o f th e  energ ies  given in  C h ap te r 8 a re  to  
be id e n tif ied  as being fo r  th e  Is  s ta te  of kaonic hydrogen  a re  now 
given. I t  is  u se fu l to  c o n su lt Tables 8.6 -  8.8 befo reh an d . The 
fa c t th a t  only th e  co o rd in a te s  of rearrangem en t ch an n el 1 a re  
involved in  th e  d e sc rip tio n  o f th e  w avefunctions o f th e se  s ta te s  
is  noted. From Fig 7.1 i t  is  observed  th a t  in  th is  channel, r^ is  
th e  v ec to r sep a ra tin g  one p ro to n  and th e  kaon w hile is  th e  
d isplacem ent of th e  o th e r  p ro to n  from th e  cen tre  o f m ass of th e se  
two .
From Tables 8.6 -  8.8, i t  is  seen th a t ,  th e  en erg ies
m onotonically  decrease  as th e  size p aram eter R is  p ro g re ss iv e ly  
increased . The d e f in itio n  o f th e  co o rd in a tes  show s th a t  
increasing  R co rresponds to  e ffe c tiv e ly  rem oving th e  odd p ro to n  
from th e  v ic in ity  of th e  o th e r  two p a r tic le s . Thus, th e  g re a te r  
^max c lo se r th e  c o n fig u ra tio n  of th e  p a r tic le s  ap p ro ach es
th e  s itu a tio n  where a kaon ic  hydrogen atom is  feeb ly  in flu en c ed  by 
a  d is ta n t p ro ton . In th a t  case , th e  energ ies sh o u ld  te n d  to  th o se  
o f kaonic hydrogen s ta te s .
Furtherm ore, th e  two body-system  which rem ains a f te r  th e  odd 
p ro to n  is  removed has an g u la r  momentum 0 fo r  b o th  j=0 and  j = 1 .  
The ra d ia l p a r t  of th e  t r i a l  fu n c tio n  is  defined  on ly  by th e  
G aussian functions; i t  h a s  no node and can only  f a i th fu l ly  
describe  th e  Is  s ta te  and no o th e r. So a ll N e ig en v a lu es  sh o u ld  
tend  to  th e  same v a lu e  a s  R goes to  in f in ity . This is
max
confirm ed; as is  in c reased , more of th e  e ig en v a lu es  ap p ro ach  
th e  lim iting  value. Since th e s e  p a r t ic u la r  en erg ies  a re  m easured
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w ith  re sp e c t to  th e  e lectrom agnetic  energy o f th e  I s  s ta te  in  
kaonic hydrogen, th e  lim iting  v a lu es  shou ld  be zero f o r  th e  case 
of no s tro n g  in te ra c tio n , and shou ld  be th e  kaon ic  hydrogen  s h if t  
and w id th  fo r  when th is  p o te n tia l is  included. This is  why th e  
v a lu es  from Table 8.8 are  in te rp re te d  as th e  kaon ic  hydrogen  Is  
s tro n g - in te ra c tio n  e ffec ts .
SECTION 9.3- ANALYSIS OF ENERGY RESULTS
The sing le  bound s ta te  o f th e  ppK system  has b in d in g  energy  
515.0 eV and an e lectrom agnetic  c o n tr ib u tio n  of 491.3 eV, so th a t  
th e  s tro n g - in te ra c tio n  s h if t  is  -23.7 eV. The a b so rp tio n  w id th  is  
1141.7 eV.
The e lectrom agnetic  energy  o f th e  j=0, v=0 s ta te  is  in  
keeping  w ith  th e  re s u l ts  fo r  o th e r  th re e -b o d y  ions [59,115] ; 
th u s  th e  binding  is  t ig h te r  in  th is  system  th an  in  th e  ppp o r ppTi 
ions because th is  q u a n tity  goes up w ith  mass of n eg a tiv e  p a r t ic le  
in  hydrogen m olecular ions.
Because of th e  s tro n g  in te ra c tio n , th e  b ind ing  o f  th e  ppK 
ion is  in creased . This e ffe c t r a th e r  th an  th e  o p p o s ite  is  
p roduced  p ecu lia rly  because o f th e  s tro n g  p o te n tia l  s e le c te d  fo r  
use. Any p o te n tia l co n s tru c ted  from th e  experim en ta l d a ta  w ould 
lead  to  th e  b inding being re laxed .
The s tro n g -in te ra c tio n  s h if t  in  th is  system  is  v e ry  much 
sm aller th a n  th e  w idth, w hile in  kaon ic  atom s, th e  r a t io  o f th e  
one to  th e  o th e r  is  abou t a q u a r te r  [116]. O bviously, th e  g re a te r  
c o n tra s t h e re  is  a consequence of th e  fa c t  th a t  only  th e  re a l  p a r t
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of th e  Is  kaon ic-hydrogen  energy  is  invo lved  in  th e  d e f in itio n  o f 
th e  th re sh o ld  energy, so th a t  a good p a r t  of th e  a b so lu te  ppK 
s h if t  is  n eu tra lized  by th e  th e  Is  sh if t.  The w id th  v a lu e s  from 
th e  tw o-body and th re e -b o d y  system s a re  c lo se r to  one a n o th e r  th a n  
th e  s h if t  values. A com parison of th e  Is  w id th  w ith  th e  ppK w id th  
shows th a t  th e  second is  s lig h tly  g re a te r . The fa c t  t h a t  th e  ppK 
j=0, v=0 w idth is  n o t too  much g re a te r  th a n  th e  k ao n ic -h y d ro g en  
w idth is  due to  a co n junction  of two fa c to rs . The s tro n g  
in te ra c tio n  fa lls  o ff v ery  ra p id ly  w ith  d istance ; how ever d e sp ite  
th e  g re a te r  average s e p a ra tio n s  of th e  p a r tic le s  in  th e  m olecule, 
th e re  a re  two p ro to n s  fo r  th e  kaon to  in te ra c t  w ith  and  th e  
combined e ffec t com pensates fo r  th e  reduced  tw o-body in te ra c tio n s .
The p lo t of th e  j=1, v =0 energy v e rsu s  th e  m ass o f  n eg a tiv e  
p a r tic le  in  th e  ex o tic  hydrogen m olecular ion h as  show n th e  
absence of a bound s ta te  w ith  th e se  quantum  num bers. P a r t  o f  th e  
reason  fo r  th is  has to  do w ith  th e  th re sh o ld  energy. As th e  mass 
of th e  exo tic  p a r tic le  in c re a se s , th e  th re sh o ld  en erg y  and  th e  
ab so lu te  j= l, v=0 en erg ies  decrease . But th e  th re s h o ld  energy  
decreases f a s te r  th a n  th e  ab so lu te  energy, and th e  d iffe re n c e  
betw een th e se  two becomes ev e r la rg e r  u n ti l  i t  is  p o s it iv e  and  th e  
s ta te  is  no longer bound. A p lo t of th e  th re sh o ld  e n e rg ie s  and 
th e  ab so lu te  j= l, v=0 en erg ies  fo r  th e  f ic t i t io u s  m asses ap p ea rin g  
in  Fig 8.4 is  shown in  Fig. 9.1 to  dem onstra te  th is .  The m ass 
value  co rresponding  to  th e  in te rs e c tio n  o f th e  g ra p h s  show s a t  
w hat p o in t generalized  hydrogen m olecular ions cease  to  h av e  th e  
j= l, v=0 bound s ta te .
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- 2 _
Threshold  energy
~ 8_
- i 0 _
- 12 _ A b so lu te  en ergy
- 1 8 _
- 20 .
- 22 .
- 2 6 .
- 2 8 .
X 10
M ass (MeV/c )
T ab le  9.1. Com parative p lo t  of e le c tr o m a g n e tic  th r e s h o ld  e n e r g y  
and a b s o lu te  j= l, v=0 en erg y  fo r  f i c t i t io u s  h yd ro g en  m o le c u la r
io n s . Kaon m ass w ould be o u t o f  th e  p ic tu r e .
SECTION 9,4 -EXPECTATION VALUES
In C hap ter 7, th e  m ost im p o rtan t ex p ec ta tio n  v a lu e s  fo r  th e  
ppk system  were lis te d , and sample va lu es  fo r  them  w ere re p o rte d  
in  Table 8.5. During th e  ca lcu la tio n , i t  was found  th a t  though  
th e  energy of a p a r t ic u la r  s ta te  decreased  each tim e th e  num ber of 
basis  fu n c tio n s  was increased , th e re  was no s im ila r  c o n s is te n t 
behav iour on th e  p a r t  of th e  ex p ec ta tio n  values. On th e  co n tra ry , 
unsystem atic f lu c tu a tio n s  w ere observed  from one t r i a l  fu n c tio n  to  
ano ther. For th is  reason , th e  accuracy  of th e  e x p e c ta tio n  v a lu es  
in  Table 8.5 is  doub tfu l.
The fa c t  th a t  th e  w avefunctions a re  n o t r e l ia b le  fo r  th e  
com putation of ex p ec ta tio n  va lues, even though  th e y  y ie ld  a c cu ra te  
energ ies, proceeds from two fa c to rs . I t  has a lread y  b een  rem arked  
th a t  i t  is  c h a ra c te r is tic  o f th e  v a r ia tio n a l m ethod to  g ive 
energies su ffe rin g  only from seco n d -o rd e r e r ro r  w hile  th e  
w avefunction is  su b jec t to  f i r s t- o r d e r  e rro r . This is  one so u rce  
of d ifficu lty . However, th e  more im p o rtan t reaso n  i s  th a t  th e  
G aussian t r i a l  fu n c tio n  h as  a fas t-d ecay in g  t a i l  w hich  can n o t 
rep roduce th e  more gen tle  fa l l-o f f  o f th e  ac tu a l w av efunction . As 
a re su lt , ex p ec ta tio n  va lu es  o f o p e ra to rs  whose m aximal v a lu e s  lie  
n ear th e  asym ptotic reg ions a re  se rio u s ly  a ffe c te d . If  th e  
w avefunction is  req u ired  fo r  fu r th e r  work, i t  is  more a p p ro p r ia te  
to  use a d iffe re n t ra d ia l t r ia l- fu n c tio n  form , su c h  as  th e  
exponentia l. A lte rn a tiv e ly , th e  p re se n t w av efunctions cou ld  be 
im proved by tak in g  r a th e r  la rg e  size param eters , and  u s in g  more 
basis  fu n c tio n s  to  co u n te ra c t th e  fa c t th a t  such  v a lu e s  a re  n o t
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optimum. These q u estions, how ever, c o n s ti tu te  a n o th e r  problem  
a lto g e th e r; in  th is  work th e  energy is  th e  prim e concern  and th e  
issu e  of w avefunction accuracy  need n o t be p u rsu ed  fu r th e r .
SECTION 9.5 -  GENERAL IMPLICATIONS
The way in which th e  th re e -b o d y  b ind ing  en erg ies  a re  
m easured prom otes th e  im portance o f e ffe c ts  w hich a re  norm ally 
second- and h ig h er-o rd er. Thus th e  s tro n g - in te ra c tio n  ab so rp tio n  
w idth  is  tw ice th e  b inding energy  in  th e  ppK ion. With re sp e c t to  
th e  ab so lu te  energy, th e  w id th  is  only ab o u t 12% in  value; i t s  
re la tiv e  m agnitude is  sim ply exaggera ted  by th e  c ircum stance  th a t  
th e  b inding  energy is  i t s e l f  only a sm all f ra c tio n  o f th e  ab so lu te  
energy. I t  is  in fe rred  from th is  th a t  any e ffe c t w hich ap p ears  in  
th e  ppK ion b u t not in  kaon ic  hydrogen m ight have a  p ro fo u n d  and 
d isp ro p o rtio n a te  influence on th e  m easureab le  energy  becau se  th e re  
is  no term  in  th e  th re sh o ld  energy which n e u tra liz e s  some o f i t s  
c o n tr ib u tio n  in  the  ppK system  in  th e  same way th a t  th e  Is  
s tro n g -in te ra c tio n  s h if t  and th e  Is  Bohr energy have done to  th e  
co rresponding  q u an titie s  in  th e  m olecule. In o th e r  w ords, th e  
ab so lu te  va lu e  of such an e ffe c t fu lly  b e a rs  on th e  e f fe c tiv e  
m olecular b inding energy. This fa c t h as  one v ery  im p o rtan t 
consequence. The n u c lear fo rce  betw een th e  two p ro to n s  can no 
longer be assumed to  change th e  b ind ing  en erg ies  only  s lig h tly .
This s tu d y  has adhered  to  th e  p a s t p ra c tic e  o f ig n o rin g  th e  
p ro to n -p ro to n  nuclear fo rce. In o th e r  e x o tic -p a r tic le  hydrogen  
m olecular ions, th is  om ission h as  been m o tiva ted  by th e  re la t iv e ly
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la rge  size o f th e  m olecules, which has su p p o rted  th e  id e a  th a t  th e  
fo rce  is  neglig ib le. The ppK system  is  much more com pact how ever. 
A good gu ide to  th e  re la tiv e  sizes of th e  ppK system  and th e  
o rd in a ry  ppe system  is  p rov ided  by th e  Bohr r a d i i  o f th e  
correspond ing  species of hydrogen. The k ao n ic -h y d ro g en  Bohr 
rad iu s  is  abou t 633 tim es sm aller and th is  is  ab o u t how much 
sm aller th a n  th e  ppe ion th e  ppK ion is . Of co u rse , th is  in  
i t s e l f  does n o t gu aran tee  th a t  th e  p ro to n -p ro to n  fo rce  is  
im portan t; b u t th e  im portance of p ro to n -k ao n  s tro n g - in te ra c tio n  
e ffec ts  s tro n g ly  su p p o rts  th e  susp ic ion  th a t  i t  is . While i t  is  
tru e  th a t  th e  p ro to n -p ro to n  sep a ra tio n  shou ld  be g re a te r  on 
average th an  th e  k ao n -p ro to n  value, th e  d iffe ren ce  sh o u ld  be 
small, to  judge from th e  re s u l ts  fo r  o th e r  th re e -b o d y  sytem s [114] 
(no conclusion  should  be dr^oln from th e  o b v iously  anom alous 
ex p ecta tio n  v a lu es  in  C hapter 8).
O ther co rrec tio n s  to  th e  ppK energ ies -  due to  r e la t iv is t ic  
and vacuum -po lariza tion  e ffec ts  -  ap p ear in  kaon ic  hydrogen  as 
well, and a re  p a r t ia lly  n e u tra lise d  when th e  th re sh o ld  energy  is  
su b tra c te d  from th e  abso lu te  values. The r e la t iv is t ic  e f fe c ts  a re  
p ro p erly  tak en  account of in  th e  tw o-body case by th e  u se  o f th e  
Klein-Gordon equation  in s tead  of th e  S chroed inger eq u a tio n . But 
th e  K lein-G ordon equation  does n o t lend  i t s e l f  re a d ily  to  
many-body app lica tio n s. F o rtu n a te ly , th e  a d v an tag es  of th e  
Scroedinger eq u a tio n  need no t be sac rif ic e d  fo r  th e  sak e  o f 
r e la t iv is t ic  e ffec ts ; The B re it-P au li H am iltonain  [57]
in co rp o ra tes  them w ith in  th e  fram ew ork of th e  S ch ro ed in g er 
form ulation .
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One of th e  o rig in a l aims of th is  s tu d y  was to  deduce, by 
s tu d y  of th e  ppK system , some p ro p e rtie s  of th e  ppp and  th e  ppS 
system s. Some g en era liza tio n s  a re  indeed  possib le . In th e se  
ions, th e  negative p a r tic le  is  h eav ie r th an  in  th e  ppK case. 
T herefore, th e  electrom agnetic  j=0, v =0 binding energy  is  h igher. 
I t  a lso  follow s from Fig 8.4 th a t  th e  j= l, v=0 lev e l is  unbound  in  
b o th  cases, un less th e  s tro n g  in te ra c tio n  sh o u ld  m ediate
o therw ise.
The signs of th e  s tro n g - in te ra c tio n  s h if ts  sh o u ld  tu rn  o u t 
to  be opposite  in th e  ppp and ppS m olecules. In th e  ppp ion, 
th e  s itu a tio n  is  ak in  to  th a t  in  th e  ppK case; th e  b in d in g  is  
in creased  by th e  s tro n g  fo rce . This e ffe c t is  in  keep ing  w ith  th e  
negative  signs observed in  th e  atom ic s h if ts  [19]. B ut as th e  
s h if t  is  p o sitiv e  in  sigma atom s [18,19], th e  b ind ing  o f  th e  ppS 
lev e ls  is  loosened. The s izes of th e  s h if ts  and w id ths in  th e  two 
new ions should  be la rg e r  th an  in  th e  ppK case b ecau se  o f th e
g re a te r  m agnitude o f th e  s h if t  and th e  w idth  in  th e  atom ic
system s.
In re la tio n  to  th e  b ind ing  energy  of c e r ta in  sha llow
exotic-m olecule leve ls , th e  j=0, v=0 s tro n g - in te ra c tio n  s h i f t  o f 
-23.7 eV in  th e  ppK system  is  q u ite  h igh. For exam ple, th e  j= l, 
v=l lev e l in  th e  dt/i m olecule has a b ind ing  energy o f on ly  0.659 
eV [17]. The q u estion  a r ise s  w hether th e  s tro n g  in te ra c t io n  cou ld  
a l te r  th e  s ta tu s  of m olecular lev e ls  from being bound  to  be ing  
unbound o r v ice-versa . The rep ly  is  th a t  th is  is  u n lik e ly . The 
s h if t  fo r  any bound ex c ited  s ta te  is  c e r ta in  to  be an  o rd e r  o f 
m agnitude sm aller th an  th e  v a lu e  fo r  th e  j=0, v=0 lev e l, s in c e  th e
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very  lo ca lised  s tro n g  fo rce  is  ex trem ely s e n s itiv e  to  
in te rp a r tic le  d istances and fa lls  o ff v ery  f a s t  w ith  any expansion  
of th e  o rb it. In su b tra c tin g  th e  th re sh o ld  energy  from  th e  
ab so lu te  energ ies to  g e t th e  b ind ing  en erg ies , every  
s tro n g -in te ra c tio n  s h if t  is  e sse n tia lly  being com pared to  th a t  fo r  
th e  Is  lev e l in  th e  tw o-body system  which th e  th re sh o ld  energy  is  
draw n from. Therefore, in  every e x c ite d -s ta te  case, th e  s h if t  
shou ld  be more o r le ss  a tte n u a te d  to  v ery  sm all m agnitude by th e  
s u b tra c tio n  process.
SECTION 9.6 - SUGGESTIONS FOR FUTURE WORK
Before a ll th e  fo rces in  th e  system  a re  p ro p e rly  ta k e n  in to  
account, th e  ppK binding energy cannot be a u th o r ita t iv e ly  given. 
T herefore , th e  f i r s t  s tep  in  th e  im provem ent of th e  c a lc u la tio n  is  
to  in tro d u ce  th e  p ro to n -p ro to n  n u c lea r fo rce  and to  im prove th e  
d esc rip tio n  o f th e  p ro to n -k ao n  s tro n g  in te ra c tio n . As em phasized 
above, th is  is  lik e ly  to  a ffe c t th e  b ind ing  energy  v ery  
s ig n ifican tly . In th is  connection , i t  shou ld  be rem em bered th a t  
th e  b inding  energ ies of o th e r  e x o tic -p a rtic le  hydrogen m olecu lar 
ions a re  known to  an accuracy  of f ra c tio n s  o f eV. This deg ree  of 
accuracy  w ill have to  be achieved  b efo re  th e  v a lu e  o f  th e  ppK 
to ta l  b ind ing  energy is  accepted. The v a lu es  quo ted  h e re  a re  much 
le ss  accu ra te ; th is  is  esp ec ia lly  t ru e  fo r  th e  fu ll  v a lu e  w hich 
s u ffe rs  from th e  u n ce rta in ty  in  th e  form of th e  p ro to n -k a o n  s tro n g  
p o te n tia l in  add ition  to  th e  neg lect of th e  p ro to n -p ro to n  fo rce .
L esser im provem ents ought to  be e ffec te d  by th e
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re la t iv is t ic  and th e  vacuum -po lariza tion  co rrec tio n s , b u t th e se  
e ffec ts  should  be s tu d ied  fo r  th e  sake of com pleteness and  of 
confirm ing th a t  they  a re  indeed  unim portant.
An issu e  of form al im portance a r ise s  from th e  f a c t  th a t  by 
in tro d u c in g  th e  non-H erm itian  s tro n g  in te ra c tio n , one o f th e  
prem ises of Theorem 1 in  C h ap te r 6 has been v io la ted . No obv ious 
method of gauging th e  in flu en ce  on th e  re su lts  o f th i s  s lig h t 
d e p a rtu re  from rig o u r h as  p re sen ted  its e lf . The re a so n  fo r  
assum ing th a t  i t  is  sm all is  th a t  th e  H am iltonian is  "only 
sligh tly"  non-H erm itian as a re s u l t  of th e  ap p earan ce  o f th e  
im aginary p a r t  of th e  s tro n g  p o te n tia l. N evertheless, th is  is su e  
also  demands rig o ro u s trea tm en t.
SECTION 9.7 - CONCLUSIONS
This s tu d y  of th e  ppK ion has rea lized  some o f th e  
ob jectives s ta te d  a t  th e  o u tse t, b u t no t all.
The domain of th e  Born-O ppenheim er approx im ation  h as  been 
found to  be no w ider th an  m ight be expected. I t  is  c le a r  from  th e  
q u a lita tiv e , though  s ti l l -v a l id , co n s id e ra tio n s  of C h ap te r  5 th a t  
i t  is  of l i t t l e  use in  th e  s tu d y  of th e  ppK, ppp and ppS io n s.
The ppK system  has been found to  e x is t in  only th e  g ro u n d  
s ta te , b u t th e  e f fo r t  to  g ive th e  energy of th is  s ta te  w ith  th e  
degree of accuracy ach ieved  in  s tu d ie s  of s im ila r m olecu les h as  
been been only p a r tia lly  successfu l, f ru s t r a te d  by th e  
lo n g -s tan d in g  problem  of th e  k ao n -p ro to n  in te ra c tio n . T his 
s tre s se s  th e  urgency w ith  w hich th e  issu e  of u n d e rs ta n d in g  th e
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k ao n -p ro to n  fo rce  should  be tre a te d . D espite th ese  d if f ic u ltie s , 
im p o rtan t q u a lita tiv e  conclusions have been drawn, some w ith  
im m ediate g en e ra lisa tio n  to  th e  ppp and ppS system s. A spec ia l 
one is  th e  rea liza tio n  th a t  th e  p ro to n -p ro to n  fo rce  can n o t be 
overlooked  in  compact m olecules. Indeed, due to  th e  fa c t  th a t  
m ost o f th e  electrom agnetic c o n tr ib u tio n  to  th e  energy  is  lo s t  
when th e  th re sh o ld  re fe ren ce  lev e l is  su b trac te d , th e  e ffe c ts  on 
th e  system  of any p e r tu rb a tio n s  w hich ap p ear in  th e  m olecu lar case 
b u t n o t in  th e  tw o-body case a re  enhanced.
No evidence has been uncovered  to  show th a t  th e  ppK ion in  
any way in fluences m easurem ents on kaon ic  hydrogen. T herefo re  
l i t t l e  illum ination  has been shed on th e  th e  kaonic hydrogen 
problem ; n ev e rth e le ss , th e  im portance of s tro n g - in te ra c tio n  
e ffec ts , p a r tic u la r ly  th e  w idth, in  th e  ppK system , h as  been 
dem onstrated . Thus th is  ion a ffo rd s  one more system  in  w hich th e  
elem entary  in te ra c tio n  betw een th e  kaon  and th e  p ro to n  m ight be 
s tu d ie d  experim entally .
The absence of excited  s ta te s  in  th e  ppK m olecule h a s  m eant 
th a t  some work done on d ipo le  t ra n s i t io n  ra te s  was in  vain ; in  
re s tro sp e c t i t  can be seen  th a t  th e  u n re lia b ili ty  o f th e  
w avefunctions -  shown by th e  poor ex p ec ta tio n  va lu es  -  w ould have 
com plicated th e  job o f p red ic tin g  a c c u ra te  X -ray  in te n s it ie s .
This s tu d y  of th e  ppK system  is  by no means com plete, b u t i t  
h as  y ie lded  u se fu l in form ation . I t  is  hoped th a t  some of th e  
su ggestions fo r  im provem ent of th e  c a lc u la tio n  w ill be ta k e n  up, 
and th a t  when experim ents a re  perform ed on th e  ion, th is  w ork  w ill 
p ro v id e  u se fu l guidance.
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APPENDIX A -  TRANSFORMATION OF THE HAMILTONIAN FROM LABORATORY TO 
INTERNAL COORDINATES
In la b o ra to ry  co o rd in a tes , th e  th ree -b o d y  system  H am iltonian
is  given by ex p ress io n  (5.1). I ts  form in  term s o f th e  in te rn a l  
coo rd ina tes  is  given by ex p ress io n  (5.6). In th is  append ix , th e  
tran sfo rm atio n  from th e  f i r s t  form to  th e  second is  g iven in  
d e ta il.
In term s o f th e  la b o ra to ry  co o rd in a tes  x^, x^ and  x^, th e
gen era lised  in te rn a l co o rd in a tes  a re  [2-8]
X = (m x  + m x  + m x  )/(m + m + m ),
1 1 2 2 3 3 1 2 2
(Al)
r  = x^ -  x^ , (A2)
and
R = + ^g) , (A3)
where and a re  co n stan ts . As was m entioned in  C h a p te r  7, th e  
d e fin itio n s  o f r  and R given above re p re se n t ju s t  one s e t  o u t o f a 
possib le  th re e , b u t here, fo r  sim plicity , th e  s u b s c r ip ts  w hich 
d is tin g u ish  th is  choice from th e  o th e r  two a re  om itted . To 
i l lu s t r a te  th e  tran sfo rm atio n , only one choice need be d e a l t  w ith , 
of course, s ince  th e  o th e r  two tra n sfo rm a tio n s  a re  ach iev ed  by
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ex ac tly  th e  same method.
The genera lised  tra n sfo rm a tio n  to  be given h e re  has been 
used  ex ten siv e ly  by Ponom arev and V in itsk ii [4,5,22,45-47,50,51]in 
th e i r  work on mesonic atom s. S lig h tly  d iffe re n t form s have been 
g iven by H unter e t a l [6], by Froman and Kinsey [8] and by Pack 
and H irsch fe lder [97,98]; th e  la s t  a u th o rs  derive  a s e p a ra tio n  of 
co o rd in a tes  fo r  an a rb i tr a ry  d iatom ic system.
In term s of th e  new co o rd in a tes , th e  la b o ra to ry  ones a re
MO +8 )X -  [m (8  +8 J+ m  8 ]R -  m O  + 3 .)r
^ -------------- ■ ■ ' (A4)
MO +8JX  - [m (8  +8_)+m 8 ]R  -  m O + P .)r
and
MO +8_)X + (m 8 --m  8 J R  + (m +m ) 0
=   A ( c  4 . ) ----------  •
w here M is  th e  to ta l  mass.
The sq u ares  of th e  momentum o p e ra to rs  are , o f co u rse , g iven
by
,(i = 1,2,3), (A7)
w ith  th e  L aplacians given by
= 5^/dx^ +d^/dy^. + 6^/dz^ = ô^/ôx^ , (A8)
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w here
X .  = x.(X ,R,r). (A9)
Using th e  d iffe re n tia tio n  chain  ru le  on (A9) y ie ld s
ô ^ /ô x ^  = c ^ ' ^  d^ldX^ + c ^   ^ 0^ /5R ^  + c ^ '   ^ a ^ /ô r^
+ c^' \ a ^ /a R a x  + a^ /axaR ) + c [ ' ^ c ^ ^ ( a ^ / a r a x  + a ^ /a x a r )
+ \a ^ /a R a r  + a^/araR), (Aio)
w here
c ‘ ' ’ = a x /a x ^ ,  ( A l l )
c^' * = 3 R /a x .  (A12)
and
c ^   ^ = a r /a x .  . (A13)
In (A10)-(A13), th e  lab e ls  1,2 and 3 have been a rb i tr a r ly  
assigned  to  th e  co o rd in a tes  X, R and r  re sp e c tiv e ly  fo r  
convenience.
A part from th e  co n s ta n t -h^, th e  k in e tic -e n e rg y  p a r t  o f th e  
H am iltonian is
2 2 
2 7^ /2m = ( Z c ‘ '* /2m )a^/aX^ + ( Z c "  ' /2m.)3®/aR^
1 i '  ' 1  ^ '
2
+ ( s  c^'^ /2m )a^/ar^ + ( s  c^'^c^'^/2m )(a^/axaR + a^/aRax)
i  ^ ' i  ^ ^
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+ ( z c ' 72m Kô /ôX Sr + ô /ô r a x )
i  ^ 3 '
+ ( Z ^/2m.)(a^/aRar + a^/araR), (A14)
w ith  a ll th e  sum m ations ru n n in g  from 1 to  3.
From th e  re la tio n s  (A4)-(A6), th e  c 's a re  ob ta ined :
 ^ = mj M,  = m j M,  and  ^ = m j M  ; (A15)
 ^ = - 1, = 1, and  = 0 ; (A16)
and
C3 = -8^/0^+8g), and = 1 . (A17)
When th ese  a re  in se r te d  in to  (A14), th e  re s u l t  is
Z /2m. = (i/2M)a7ax^ + (l/2)(l/m^+ l/m^aVaR''
i i
+ a/ZK$llm^(p+p/  + + l / m j a ^ / a r ^
+ (i/2)[p^/m^(i3^+p^)-p^/m^(p^+pp](a/aR a /ar+ a /ar  a/aR). ( A is )
In (A18), th e  c o e ffic ie n ts  of th e  two s e ts  o f
c ro ss -d e riv a tiv e s  invo lv ing  d/dX have van ished , which is  ex p ec ted  
i f  th e  motion o f th e  c en tre  o f mass is  to  be decoupled  from  th e
in te rn a l motion. To p u t th e  c o e ffic ien t of th e  rem ain ing
c ro ss -d e riv a tiv e s  in  a more concise form, th e  q u a n ti ty
l/M=l/(m^+m^) is  f i r s t  fa c to re d  from i t .  Thus,
m +m m m  ( m 8 -m 8 )
^  = ^  m m I f  I n '
1 2  1 2  1 2 ^ 1  '^2
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w here C deno tes  th is  co e ffic ien t. Now
-  m ^ 8 ^
= (m^-m^)8  ^ -  m^(8 ^-8 ^) (A20)
= m^8^ -  m^8^ - m^8^ + m^8^
= - m^(8 ^-8 p  (A21)
= (l/2)[(m^-m^)(8^+8j -  (m^+ m^)(8 ^-8 ^)] . (A22)
Hence
m -m 8 ~8
C = (1/2MJ (1/2) [ ^  (A23)
2 1 2 1
= a/4M^ , (A24)
w here a is  th e  q u an tity  in  th e  b ra c k e ts  in  (A23).
To sim plify th e  c o e ffic ie n t of ô^/9r^, th e  q u a n tity  
l/(m^+m^) is  added and s u b tra c te d  in s id e  th e  b ra c k e ts  to  give
m 8 ^+ m 8  ^ 1 i i
1 2 1 2 '
F acto ring  1/m^ from th e  f i r s t  term  and d iv id ing  i t  by th e  low est 
common m ultip le  y ields
C  = (1/2M ) ----- — ------— ----- + l/2m , (A26)
(m ^+m ^)^(8 ^+^2)^
w here
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l/m = l/m + l/(m +m ). (A27)
a 3 1 2
Comparing th is  w ith  (A19) and  (A23) shows th a t  i t  may be w ritte n  
as
C  = (1/2M ) (a^/4) + (i/2m ). (A28)
a a
Using (A23) and (A28) in  (A18) a f te r  m u ltip ly in g  by -h^ 
g ives fin a lly  th e  tran sfo rm ed  H am iltonian quo ted  in  C h a p te r  5:
H = (-hV2M)V^ -  (-h^/2M j[V ^ + (a /2)(V^V^ + V^V^) + (a^/4)V^]
(-h^/2m^)V^ + V(r,R). (A30)
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APPENDIX B -  DETAILED DERIVATION OF THE INTERACTION 
MATRIX ELEMENT
This appendix i l lu s t r a te s  th e  m ethods by which th e  form ulas 
fo r  th e  m atrix  elem ents g iven  in  C h ap te r 7 a re  ob ta ined . The 
in te ra c tio n  m atrix  elem ent is  d eriv ed , and since  i t s  d e r iv a tio n  
invo lves th e  most e ffo rt, i t  is  w ell su ite d  to  d em o n stra te  th e se  
techn iques.
The t r i a l  fu n c tio n  ijj u sed  in  th is  m od ifica tion  of th e  
v a r ia tio n a l techn ique  is  an e x p lic it fu n c tio n  of a ll th re e  s e ts  of 
rearrangem ent Jacob i co o rd in a tes  o f th e  th ree -b o d y  sytem . As 
exp la ined  in  C hapter 7, th e  Jaco b i c o o rd in a te s  a re  n o t in d ep en d en t 
of each o th er, b u t a re  only  d if fe re n t ex p ress io n s  o f th e  same 
re a lity . For form al pu rp o ses , when th e  m atrix  e lem ents a re  s e t  
up, one sing le  choice of th e  rea rran g em en t co o rd in a tes  is  u sed  fo r  
th e  volume element. But fo r  th e  p ra c tic a l  in te g ra tio n , th e  m ost 
conven ien t of th e  co o rd in a tes  ap p earin g  in  th e  m atrix  elem ents a re  
used  fo r  th e  in teg ra tio n  v a r ia b le s . In th e  case o f many 
in te ra c tio n s , th e  p o te n tia l is  a fu n c tio n  only of in te r -p a r t ic le  
d is tan ce s  and th e  form of V is  p a r t ic u la r ly  sim ple and co n v en ien t 
in  th e  rearrangem ent channel c in  w hich th e  in te rp a r t ic le  d is ta n c e  
is  g iven  as I r  I . To i l lu s t r a te  -  th e  c o o rd in a te s  in  w hich th e
C
Coulomb in te ra c tio n  betw een p a r t ic le s  1 and 3 is  m ost sim ply g iven  
a re  th o se  of channel 2, and th ey  w ould be used  as  th e  in te g ra tio n
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v ariab le  fo r  th e  m atrix  elem ent of th is  term  of th e  p o te n tia l. 
Thus, th e  in te g ra tio n  is  o v er th e  co o rd in a tes  of th a t  ch an n e l c.
I t  sh o u ld  be n o ted  th a t  th e  o v erlap  and k in e t ic  m atrix  
elem ents b o th  co n ta in  a t m ost only two s e ts  o f c o o rd in a te s  and a re  
consequen tly  s tru c tu ra lly  sim pler. Once th is  ap p en d ix  h as  been 
u nderstood , i t  shou ld  be an easy  ex erc ise  to  confirm  a ll  th e  
form ulas fo r  th e  m atrix  elem ents given in  C h ap te r 7.
For any o p e ra to r  V, th e  m atrix  elem ent betw een  b as is  
fu n c tio n s  4>^ (a) and ^^,(b) is
where genera lly , th re e  s e ts  of Jaco b i co o rd in a te s  a, b and c 
appear. The basis  fu n c tio n s  a re  [17,83-85]
0, (a) = N r  *R ^exp(-i/ r^-A R^)[Y (r  )®Y (R )] , (B2)
xC â â â  3 â â â  1 3  L 3  üM
3  3
and
= N^r^'=R^'=exp(-u^r^-X^R^)[Y, (r^)®Y^ (R^)]^„ . (B3)
b b
Both b a s is  fu n c tio n s  have to  be tra n sfo rm e d  to  th e  
co o rd in a tes  c of th e  in te ra c tio n  V(r ), w hich s e rv e  as th ec
v ariab les  o f in teg ra tio n . For th is  p u rp o se , th e  R aynal 
tran sfo rm atio n  [112]
r ' ’ 'R ''- '[Y  , ( r > Y  ,(R ')],„
I L J  M
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2 < i ' l ’j  11 LTj>^,_^ r
1 LT
(B4)
is  used. The tra n sfo rm a tio n  co e ffic ien t is  [109]
< i ’l ' j  I = ( 2 i ' + 1 ) ( 2 l ' + 1 )
1 / 2
X (i'-aOL*~T+aO | iO)(aOT-aO | lO)-
1 ' - a  L * - T + a  1 
a  T - a  L
i '  l ' j
(B5)
In term s of th e  new v e c to rs , th e  old v ec to rs  a re
r ' = y r + ôR (B6)
and
R' = y r' + Ô’R.
The lim its  in  (B4) a re
(B7)
(B8)
(B9)
and
0 <  L ^  i ' + l ' (BIO)
With
1 L
r  ^R ^[Y, (r  )®Y (R )]*
l a  L a JM 
a a
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2 <1 L J 1 1 L Tj > X r  ® ® R^[Y (r )®Y (R )]* (Bll)
a a c c a “7c c  c  1 c  L c  JM
1 L T c c
c c
and
b b
1 L T c  c
c  c
th e  m atrix  elem ent becomes
M = N N 2  2 <1 L J I 1 L tJ >  _v <1 l  j | i * l ' t ' j >  .
a b I I I  a a c c a ' c  b b c  c  b ^ c
1 L T 1 L T 
c  c  c c
1 + L +1 + L - T - t ’ + 2  I
> ( ;  (ir dR r  *  ^ RT + T g^p(-u r=-A R^)
c c c  c a a  a a
X exp(-i;^r^-A^R^) V (rJ
X J d n ; d « ;  [Y, (;^)®Y^ (R^)]* J Y ,  ,(0 ® Y ^ ,(R J ]^ „  . (B13)
C C C  c  c c
The exponent is
V r^+A R^+y r^+A R^ =
a  a  a  a  b b b b
y (y r  +Ô R )^ + A (y* r  +ô' R
a  a c  a  a c  c  a  a c  c  a c  c
+ y (y r  +Ô R f+  X (y' r  +ô' R f  (B14)
b b c  c  b c  c  b b c  c  b c  c
= Tîr  ^ + CR  ^ + 2Çr «R , (B15)
c  c  c  c
w here
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T) = y y +X y ' +y y +X y ' , (B16)
a a c  a a c  b b c  b bc
(  = y 6  ^ +X a'2+y +X a ' 2 (B17)
a a c  a a c  b b c  b bc
and
Ç = y y a +A y ' ô ' +y y ô +A y ' 6 ' . (B18)
a a c  a c  a a c  a c  b bc  bc  b bc  bc
A m odification of th e  R ayleigh expansion  fo r  th e  p lan e  wave 
gives [85]
exp(-2^r .R  ) = 2 47rA J.(2Ç r R )[Y .(r )®YjR )]_ ., (B19)
c  c  A~0 c  c A c  A c  vJU
where is  th e  sp h e rica l B essel fu n c tio n  of im aginary a rgum en t o f 
o rd e r A, re la ted  to  th e  o rd in a ry  sp h e ric a l Bessel fu n c tio n  by
J^(x) = i ^ j^(ix ).
Using th is  form ula, th e  m atrix  elem ent becomes
M = N N  2 2 < 1 L  J M  L T J >  _ v  <1 L j | i ' l ' t ’ j >
a b , , , a a c  c  a~^ c b b c  c  b“^c
1 L T 1 L T 
c  c  c  c
1 + L  +1 + L  - T - t ’ + 2  T + t ’ + 2
X 2 4%A f d r  dR r   ^  ^  ^ R
A=0 = = =
X exp(-T)r^-<R^) J. (2^r R ) I , (B20)
c c  A c  c  A
where
= fd o ; d o ;  [Y, (r^)®Y^ (R^)]*jY^(r^)®Y^(R^)](,o
C C C  c
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is  th e  angu lar in teg ra l.
To sim plify th e  in teg ran d  o f (B21), th e  re la tio n  [85]
(-1) Z i ' l 'KA (KOi'0| a0)(A0l '0|A0) W(Ki 'Al';Aj )/47tA
Ka  c  c c _ c c  c
is  used. Using the  o rth o n o rm ality  o f th e  sp h e rica l harm onics, i t  
fo llow s th a t
= (-l)^Z  i ' l’KA (K0i '0|A0) (A0l’0|A0)/47tA 
KA
X W(Ki 'Al';Aj) Ô . (B23)
c c 1 IV L A
c c
= ( - 1 ) ^  I ' L ' i  L ( i  Oi’oIaO) (l Ol'oIaO)
c c c c c c  c c
X W(r i ' l  L';Aj)/47rA . (B24)
c c c  c
The ra d ia l in teg ra l is
1 +L +1 +L - T - t ' + 2  T + t ' - 2
I = Xdr dR r   ^ ° R
R c c c  c
X exp(-Tîr^-ÇR^) ^.(2Çr R ). (B25)
c c A c c
Provided th a t  m is  a p o s itiv e  in te g e r , th e  in te g ra tio n  o v er 
R can be perform ed by means o f th e  form ula [113]
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JdR R^"^^^exp(-<R^K(2^r R ) =
C C C A c c
"c exp(g'r'ZC) (B26)
4 m+A + 3 / 2  ^  ”
where is  th e  a sso c ia ted  Laguerre polynom ial.
To show th a t  m is  a p o s itiv e  in teg e r, co n d itio n s  a r is in g  
from th e  C lebsch-G ordan co effic ien ts  a re  used . All th e
C lebsch-G ordan co effic ien ts  which have appeared  have v an ish in g  
m agnetic quantum  num bers. For such  c o e ffic ie n ts  to  be 
nonvanishing, th e  sum of non-zero  argum ents m ust be even, and th e  
tr ia n g le  in eq u a lity  m ust be sa tis f ie d . Thus from  th e
C lebsh-G ordan ce ffic ien ts , includ ing  th o se  in  th e  
R ayna l-transfo rm ation  co effic ien t, come th e  co n d itio n s
1 + L - T + 1 = even, (B27)
a a c
T + = even, (B28)
1 + L - t ' + 1 ' = even, (B29)
b b c
t' + = even, (B30)
1 + 1 ' + A = even (B31)
c c
and
L + l ' + A = even . (B32)
c c
Adding (B28) and (B30) gives
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t  + t ' + l + l ' = even .
c c
(B33)
S u b trac tin g  (B32) from (B33) g ives
T + t ' -  A = even = 2m. (B34)
Three of th e  tran g le  in e q u a litie s  are
2a-T  5 3 T , (B35)
2a' - T'  ^  L'  zs t ' (B36)
c
and
L -  l ' I ^ A ^ l +  l ' .  (B37)
c c c c
From (B35) and (B36) is  deduced
T + t ' ^  L +  l ' , (B38)
c c
whence, since l and l ' a re  p o s itiv e  in teg e rs ,
T +  t ' 2: 0. (B39)
Using th e  fac t from (B37) th a t  A ^ , and su b tra c tin g
A form bo th  s ides of (B39) f in a lly  g ives th a t
T +  t ' -  A i  0.
183
Thus th e  ra d ia l in te g ra l over is  given by (B26).
U nless th e  exac t form of V(r ) is  known, th e  r a d ia l  in te g ra l 
cannot be com pleted. N evertheless, th e  m atrix  elem ent can  be p u t 
in  a form which makes th is  la s t  ta sk  tr iv ia l .  F or th is ,  th e  
se rie s  form o f th e  a sso c ia ted  Laguerre polynom ial [113]
= (2m+2X+l)!! Z [ ü f s . ]  / (2k+2X+l)!! (B40)
is  needed. When i t  is  in se r te d  in  th e  ex p ress io n , th e  m atrix  
elem ent becomes
<0j^(a)| V (r^ )|0j^,(b)> =
Vn (-l)^N N Z Z <1 L J I 1 L T j >  V <1 L j | i ‘ l ’ t ’j >
. a b I , , a a c c a"+c b b c  c  b“^c4 1 L T 1 L T
c c c c
1 L i ' l ' Z ( i  Ol  0 | a 0 ) ( l  0 l ' 0 | a 0 ) W ( i  i ' l  l ' ; A j )
c c c c ^  c c  c c  c c c c
( 2m+2A+lU! ^  fm] [ 2 g h ^ ^^^c^ . (B41)i i i i ! -
+ 3/2 [  Ç J (2m+2A+l)!!^m^m+A = Q
where
1 +L +1 +L - T - l ' + 2 k + 2 + A
U(r ) = f d r  r   ^  ^  ^  ^ exp(-(T7-^^/Ç)r^)V(r^). (B42)
c c c  c
If  (B27), (B29) and (B31) are  added to g e th e r , th e  r e s u l t  is
1 +L +1 +L - t - t ' + A  = even. (B43)
a a b b
Hence, th e  pow er of r^  is  2n, where
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n = (i + L +1 + L -T-T'+2k+2+X)/2 . (B44)
a a b b
For fu n ctio n s V(r^) in  polynom ial, inv erse -p o w er o r  G aussian  
form, U(r^) is  given from th e  form ulas [113]
and
00
fdr^r^^^^exp(-pr^) = s!/2p^^^ , fo r  p > 0 (B45)
0
Xdr r^®exp(-pr^) = fo r  p > 0. (B45)
0 " = ° 2 ( 2p)S
W hether p is  p o s itiv e  o r n o t obviously  depends on tîÇ-Ç^. 
From th e  d efin itio n s  o f tï,Ç and th is  q u a n tity  is
= (v y  +X y' +v y +A y' ) (y ô +A ô' +y ô +A 6 '  )
a ac a ac b bc b bc a ac a ac b bc b bc
-  (y y 3 +X y' 3' +y y^ 3^ +A^y' 3' f  . (B47)
a ac ac a ac ac b bc bc b bc bc
Some a lgeb ra  re c a s ts  th is  q u a n tity  in to  th e  form
= y A (y 6 ' -y ' a )  ^ + y y (y ô -y ô f
a a ac ac ac ac a b ac bc bc ac
'  \ \ K j L X c K o > "  + ' 'b \ ( ^ b / : c - ^ : / b c ) -  (B48)
T herefore p is  e ith e r  zero o r p o sitiv e . The f i r s t ,  th i rd ,  f o u r th
and la s t  term s never v an ish  u n less  th e  size p a ram ete rs  do. In  a
norm al ca lcu la tio n , a ll  th e  y 's  and A's a re  f in ite , and  so th e
q u an tity  on th e  le f t-h a n d  s id e  is  n ever zero.
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APPENDIX C - THE X-RAY DIPOLE TRANSITION MATRIX ELEMENT 
SECTION Cl -  INTRODUCTION
In th is  appendix, th e  ex p ress io n  fo r  th e  m atrix  elem ent fo r  
X -ray  d ipo le  tra n s itio n s  is  given. I t  had been p re p a re d  in  
an tic ip a tio n  o f find ing  bound excited  s ta te s  in  th e  ppK ion  and 
w ill f in d  use  in  o th e r  th ree -b o d y  system s to  w hich th e  
G aussian-expansion  m ethod m ight be applied .
The X -ray d ipole  m atrix  elem ent betw een in i t ia l  k ao n ic  s ta te  
and f in a l s ta te  is
= <4^^|d |'î'.>, (Cl)
w here D is  th e  d ipole o p e ra to r  g iven by
D = q x  + q X + q x .  (C2)
1 ^2 2 ^3 3
In (C2), q^ is  th e  charge of th e  k-th  p a r tic le . S ince th e  
w avefunctions a re  given by
i i k 1 i
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and
M = :  - / a  I  ■ (C4)
f f 1 f f
term s in  th e  ex p ress io n  fo r  th e  m atrix  elem ent a re  o f th e  form
M= <0 (a)|D(a)| ,^ „(b) >. (C5)
J M J M
f f i 1
O bviously, b efo re  (05) can be used, th e  form o f  D in  th e  
Jacob i co o rd in a tes  m ust be found.
SECTION C2 - THE DIPOLE OPERATOR IN JACOBI COORDINATES
In c h a p te r  7, th e  co o rd in a tes  x^, x^ and x^ w ere g iven  in  
Jaco b i co o rd ina tes. Using th e  exp ressions in  (C3) le ad s , a f te r  
re -a rran g in g , to  th e  follow ing exp ress io n s  fo r D in  each  o f th e  
channels:
D = (q ^ + q g + q g )X  + [(m ^+ m ^ )q ^-m ^ (q ^+ q ^ )]R ^ /M
+ (m q -m q )r /(m +m ) = D , (channel 1) (C6)
2 ^ 3  3 ^ 2  1 2 3 1
( q / q / q ^ J X  + [ (m ^ + m ^ ) q ^ - m ^ ( q ^ + q ^ ) ] R ^ /M  
+ (m q -m q )r /(m +m ) = D , (channel 2) (C7)1^3 3.^l' 2 1 3  2
+ (m q -m q )r /(m +m ) = D . (channel 3) (C8)
2 ^ 1  1 ^ 2  3 1 2  3
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The e ffec tiv e  o p e ra to r  in  (C6), (C7) and (C8) excludes th e  
f i r s t  term  because th e  w avefunctions on which D o p e ra te s  a re  n o t 
fu n c tio n s  o f X, and m oreover a re  o rthogonal. The v e c to r  p a r ts  of 
th e  e ffec tiv e  o p era to rs  can be exp ressed  in  term s of th e  
co o rd in a tes  of th e  problem  by using  th e  re la tio n  betw een v e c to rs  
and sp h e ric a l harm onics o f o rd e r  1 [110]:
Yim(r) = /(3/47T) r '^
'-(x + iy )/v 2^ , m=l
z , m=0, (C9)
(x + iy ) / /2  , m=-l
w here r  is  th e  d irec tio n  o f th e  v e c to r  r  = (x,y,z). Thus
X = V(2nl3) r [Y (r) - Y (r)], (CIO)1,-1 11
y = W ( Z n l 3 )  r [Y (r) + Y (r)], (Cll)1,-1 11
and
z = V(4nl3) r  Y^^(r). (C12)
If  th e  e ffec tiv e  d ipo le  o p e ra to r  is  w ritten  as
D . = d r + D R ,  (C13)J J j j j
w here and are  given in  (C6) -  (C8), th en  in  th e  sp h e ric a l 
b as is .
D = X V'(2it/3){d r  [Y (r)-Y  (r)]+0 R [Y (R)+Y (R)])
3 3 3  1 , - 1  11  3 3 1 , - 1  11
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+iy>'(2ir/3){d,r.[Y (r)-Y (r)]+D,R,[Y (R)+Y (R)]}
J J  1,-1 11 J J  1,-1 11
+zv^(4Ti/3)[d.r.Y^^(r)+D.R.Y^jR)] , (C14)
w here x, y and z a re  th e  u n it  v ec to rs  of th e  la b o ra to ry  co o rd in a te  
system.
Any term  in  (C14) has a  form  p ro p o rtio n a l to  e i th e r  rY ^^(r) 
o r RY^^(R). T herefore , to  spec ify  th e  tra n s i t io n  p ro b a b ility , i t  
is  enough to  give th e  m atrix  elem ents of th e se  two o p e ra to rs . 
Only two s e ts  of Jaco b i co o rd in a tes  need be in v o lv ed  in  th e  
exp ression , s ince  D can alw ays be chosen to  be in  th e  c o o rd in a te s  
of one of th e  b as is  functions.
SECTION 03 - THE MATRIX ELEMENT OF rY (r)
Im
For th e  b as is  fu n c tio n s  é (a) and 6 ,(b) , , , th e  m atrix
JM k J M
elem ent o f th e  o p e ra to r  r  Y (r ) is
 ^ a Im a
1 L — *
M = N N Xdr dR r  ^R ^exp(-y r^-X R^)[Y (r  )®Y (R )]
a b  a  a  a  a  a  a  a  a  1 a  L a  JM
a  a
^  1 + L  —T
X r Y  ( r )  S < i l j ' | i ' l ' t j ' > .  r*^  ^ R^
a i m  a  i ' l ' t  a  a  b “^ a  a  a
a  a
X exp(-u r^-X r ")[Y , ( r  )®Y ,(R )] , , , (CIS)
b b b b  1 a  L a  J  M 
a  a
a f te r  th e  Raynal tran sfo rm a tio n  has been used  on th e  b a s is  
fu n c tio n  ,(b).
TJie exponent in  (015) is
-V  r^-A R  ^ - y (y r  +8 R )^ -  A (y' r  +6 ' R )^
a a a a b ba a ba a b ba a ba a
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= T)r  ^ -ÇR® -  2Çr «R , (C16)
a a a a
w here
% = "a + "b?b, " \^ba ' (C17)
Ç = X + y 3 ^ + A ô ' ^ ,  (C18)
a b ba  b ba
and
(  = "b^baSba + ^ X a K a -  (^19)
The m odified p lane-w ave expansion  (B19) is  used  to  ex p ress  
th e  ex p o n en tia l fa c to r  co rrespond ing  to  th e  do t p ro d u c t in  (C16), 
and th e  m atrix  elem ent becomes
M = N N  Z Z <1 L . 47rX
 ^  ^ 1 ' L ' T A  ^  ^ a a b“+a 
a a
1 +1 +L - T + 3  L +T+2
Xdr dR r   ^ R ® ?,(2Çr R )
a a a a A a a
X Xdo; an- [Y, (r^)»Y^
a a a
[ Y ^ ( r ) ® Y ^ ( R ) ] o o [ Y ,  ( r J ® Y ^  ( R ) ] y , '  • ( C 2 0 )
The in te g ra l over ang les w hich is  on th e  la s t  tw o lin e s  o f 
(C20) is  sim plified  by re la tio n  (B23) to
I = (-1)‘^ (1/47t) Z 1'l'K A  (KOi’0 |a0 ) (AOl'oIaO)
KA  ^  ^ ^
X W(Ki*Al';Aj) S d o ; dO: [Y  ^ (r  )®Y, (R )]* Y (r  )
3  3  r  Jtv 1 3  L 3  JM Im 3
190
X • (C21)
The in teg ran d  in  (C21) denoted  by th e  symbol A is  w ritten
e x p lic itly  by employing th e  d e fin itio n s  of th e  te n so r  p ro d u c ts :
“ rv, M-m L m I jM)(KM'-m.Am. I j ’m')
m m .  a L a L A A '
L A  a a
a
a a La A a a La A
(C22)
w here th e  su b sc r ip t a tta c h e d  to  each  m -value id e n tif ie s  th e  
an g u la r momentum to  w hich th e  m agnetic quantum  num ber belongs.
Since th e  sp h e ric a l harm onics a re  o rth o n o rm al, th e  
in te g ra tio n  over g ives ô .6 . Hence,
K a  L A m m.
a La A
A -  Z (l M-fti L m I J m) (Km -m L m J J M ) 
m a La a La La a La
La
M-m
a a La La
The form ula [110]
Sdn Y* Y Y = 1 1 (l m 1 m h  m )(i Or 0 | i  0) (C24)
Im Im Im 1 2 3 3 2 2 1  1 3 2 * 1
1 1 2 2 3 3 ---------------------- -------- ----------------------
v'471 1
3
is  ap p lied  in  (C23) and th e  r e s u l t  is
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A -  Z ( 1 M-m L m I J m) ( K m -m L m I J M ) 
m a La a La La a La
La
X (KM’ -m l m | l  M- m )(K010 | 1 0)(3/47t)^^^ K/i . (C25)
La a La a a
From th e  C lebsch-G ordan co e ffic ien ts , th e  se lec tio n  ru le
(C26)
is  deduced.
The ra d ia l in te g ra l is  e s se n tia lly
1 +1 +L - T + 3  L +T+2
I_ = Xdr dR r  ® " R  ^ exp(-Y,r^-(R^)XJ2gr R ), (C27)
f t  a a a a a a A a a
and can be perform ed by means of form ula (B26) p ro v id e d  th a t  th e  
pow er of can be w ritte n  in  th e  form 2m+X.
From th e  C lebsch-G ordan co e ffic ien ts  in  (C21) and  th o se  in
th e  R ay n a l-tran sfo rm atio n  c o e ffic ie n t derive  th e  r e s u l ts
(remembering th a t  A=l^)
K + 1^  + A = even , (C28)
L + l ' + A = even , (C29)
a a
1 + L -  T + 1 ' = even , (C30)
b b a
and
l ' + t = even . (C31)
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Adding (C29) and (31) g ives
+ T + A = even . (C32)
S u b trac tin g  2A from th e  new r e s u l t  show s th a t
+ T -  A = even , (C33)
w hich allow s l + t  to  be w ritte n  in  th e  form  2m+A w ith
a
m = ( l  ^ + t -  A)/2 . (C34)
I t  is  now n ecessary  to  show th a t  2m ^ 0, w hich is  a 
co n d itio n  on which form ula (B26) depends. From one of th e  
C lebsch-G ordan co effic ien ts  comes th e  tr ia n g le  in e q u a lity
from w hich is  o b ta ined
- l ' s  L -  X . (C36)a a
Adding t  to  b o th  s id es  of (C36) y ie ld s
t - l ' i  L +T-A . (C37)
One o f th e  C lebsch-G ordan c o e ffic ien ts  in  th e
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R aynal-transfo rm ation  co e ffic ien t g ives th e  tr ia n g le  in e q u a lity
I2a-TI 3 3 T , (C38)
from which is  deduced th e  r e s u l t
T -  l ' 2: 0. (C39)
a
Comparing th is  r e s u lt  w ith  (C37) gives th e  re q u ire d  co nd ition , 
namely th a t
T + L -  A a 0. (C40)
a
Thus w ith  2zn = + T - A , th e  ra d ia l in te g ra l becom es
/ A , 1 + 1  + L - T + A + 3
4 - v O r J v ]
X . (C41)
The se rie s  expansion  o f  g iven  by e x p re ss io n  (B40) is
used, and (C42) becomes
V n  e  (2m+2X+l)!! ® M  ( 2g ^ /C )^  
kj (2ra+2X + l)!!
1 +1 + L —T+A + 2 k + 3
X J'dr^r^^  ^  ^ exp{(^^-i7Ç)r^/C). (C42)
The in te g ra l in  (C42) depends on w hether th e  ex p o n en t o f r  
is  even o r odd; th is  is  now determ ined.
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From th e  C lebsch-G ordan c o e ffic ie n t w ith  van ish in g  
p ro je c tio n  quantum  num bers in  (C25) comes th e  re s u l t
K + la  + 1 = even . (C43)
Adding re su lts  (C28), (C30) and (C43) g ives th a t
1 + 1  + l  -  t +  A + 1  = even . (C44)a b b
Hence
1 + 1  + L -  t +  A + 2/c + 3  = even = 2n . (C45)a b b
From (B8), th e  summation o v er t  is  betw een th e  lim its
0 ^ T ^ 1 + L . (C46)
b b
T herefo re  2n is  positive , and fo rm ula  (B46) is  ap p licab le . The 
la s t  lin e  of (C42) gives th e  r e s u l t
2[2(r)<-C^)/Ç]"
F inally , th e  m atrix  elem ent is
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X  z  <1 L . i ' l ' K l ( K O i ' o I a O )  ( l 0 l ’ 0 | A 0 )
1 ' L ' tAK 3 a b“^a a a a a a a
X  w ( K r u ^ ç x u )  j  [ : ]  i i i û i l r , .z q k=o V. J '
X  ( K / i  ) (KOlO11 0 )  -----------------------------  f— — ]
" 2[ 2(„< -g ")/< ]"  [ „Ç-Ç"J
X  z  ( l  M-m L m I Jm) (KM'-m L m I j 'M')(KM'~m 1ml  1 M—m ).
m  a La a La La a La '  ^ La a LaLa
(C48)
I t  w ill be no ticed  th a t  th e  su b sc r ip ts  k  and k ' do n o t 
appear ex p lic itly  in  (C47); th is  is  because  -  as  e x p la in ed  in  
C hapter 7 - though  bo th  a re  conven ien t fo r  o rd e rin g  th e  b a s is  
fu n c tio n s  in  a lin e a r  fash ion , th ey  a re  n o t p a ram e te rs  upon  w hich 
any q u a n titie s  d ire c tly  depend.
The sev e ra l sum m ations in  (C47), w ith  th e  ex cep tio n  o f th e  
one over k, a re  determ ined  by th e  lim its  a llow ed  by th e  
Clebsch-G ordan co effic ien ts . Thus, th e  lim its  o v e r K come from  
th e  p a r ity  C lebsch-G ordan co effic ien t in  (C47). The lim its  w ith  
re sp e c t to  and l^ a re  th e  same as a re  g iven  in  A ppendix  B, and 
may be f u r th e r  re s tr ic te d  by th e  C lebsch-G ordan  c o e ff ic ie n ts  
in tro d u ced  in  su b seq u en t ana lysis . Since a ll  th e  C lebsch-G ordan  
co effic ien ts  have been given e x p lic itly  e i th e r  in  (C48) o r  in  th e  
exp ression  fo r  th e  Raynal tra n sfo rm a tio n  c o e ff ic ie n t in  A ppendix
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B, i t  is  a ro u tin e  ex e rc ise  to  d eriv e  a ll th e  lim its  by using  th e  
tria n g le  inequality , and w ill n o t be p u rsu ed  in  d e ta il  here .
SECTION C4 - THE MATRIX ELEMENT OF RY (R)
I m
The co n s id e ra tio n  o f th e  m atrix  elem ent
M (C49)
can proceed from (021) i f  th e  an g u la r in te g ra l is  changed to
A = Xd£2;^d£2-JY, /rJ® Y ^^(R J];^Y ^jR ^)[Y ^(r^)® Y ^(R j]^ ,^ , (C50)
and th e  ra d ia l in te g ra l in  (C27) to
1 +1 +L  —T + 2  L + T + 3
Ip = j'd r  dR r   ^  ^  ^ R  ^ exp(-T}r^-<R^)J, (2Çr R ). (C51)
K  a  a  a  a  a  a  A a  a
E xplicitly , (C49) is  g iven  by
A -  Z ( l  m L M-m | J m)  (Km^,AM -m_^ | J  M ) 
m a 1 a a 1 a K K
1 a K.
^ <  M’- .
a a 1 a K a a l a  k
(C52)
= V(3/in) Z  ( l  m L M- m I j m )  ( l  m AM' - m | j ' m ' )
m a  1 a  a  l a  a  l a  l a
1 a
X (A/l^ ) (AM-m^ l^m) (AOIOIl^ O) . (053)
The in te g ra tio n  over r^ in  (C50) can be perform ed by m eans 
of form ula (B26) w ith  th e  v a r ia b le  of in te g ra tio n  changed  to  r
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prov ided  th a t  th e  pow er can be w ritte n  in  th e  form 2m'+X, w ith  m' 
an in teg er. To ca s t th e  exponent in  th is  form, i t  is  f i r s t  no ted  
th a t  since now K = , (C28) changes to
1 + 1 ' + A = even. (C54)
a a
Adding (C53) and (C30) y ie lds
1 + L -  T + 1 + A = even , (C55)
b b a
and su b tra c tin g  2A from  th e  new r e s u l t  g ives
1 + L -  T + 1 -  A = even . (C56)
b b a
So indeed, th e  exponent can be w ritte n  in  th e  form Zia’+A. The 
proo f th a t  i t  is  a p o s itiv e  in te g e r  s ta r t s  from  one of th e  
C lebsch-G ordan co e ffic ien ts  in  th e  R ay n a l-tran sfo rm a tio n  
co effic ien t which van ish es u n less
1 -2A-L +T I :S 1 ' <  1 +L - T , (C57)
b b a b b
from which re su lts
1 + L - T - 1 ' a 0. (C58)
b b a
From th e  c o e f f ic ie n t  (i 0 i ' 0 | a0) com es th e  in e q u a lity
1 - i '  I £ X s  1 + i' , (C59)
a a a a
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from w hich is  deduced
1 + i '  -  A a 0. (C60)
a a
Combining (C57) and (C59) g ives
1 + 1 + L  — T — A — 0. (C61)
a b b
Hence (B26) gives
J'dr r^r^® exp(-Çr^) J . (2^r R )
a a a a A a a
/ n  m’! Ç^R^
m'+A + 3 / :   ^ (^62)4 V
where
2m' = 1 + 1  +  L -  T -  A . (C63)a b b
Thus, w ith th e  use  of th e  s e r ie s  expansion o f (B40),
J 3 / 7T g^(2m'+2A+l)!! Cm']
R . _m' m'+A + 3 / 2  ,7  Ik'l (2k'+2A + l)!!4 2 t j  k =0  ^ V
L + T + 2 k ' + A + 3
X XdR^R^^ exp{(g^-Çn)R^/T)} . (C64)
I t  is  necessary  to  determ ine w h eth er th e  pow er o f R^ is  even  
o r odd before th e  ra d ia l  in te g ra l can be com pletely sp e c ifie d .
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From th e  p a rity  C lebsch-G ordan co e ffic ien t in  (C52) d eriv es  
th e  re s u lt
A + + 1 = even . (C65)
In o rd er to  a rriv e  a t  (C49), th e  s tep  invo lv ing  form ula 
(B23) had been used, and th is  su p p lie s  th e  r e s u l t
A + l ’ + A = even. (C66)a
Adding (C31), (C64) and (C65) g ives th a t
l ^ + t  + A + 1 = even, (C67)
which shows th a t  th e  exponent o f is  even. Hence th e  in te g ra l 
over R is
a
j-R = ---- , (C68)
2[2(„<-Ç ^)/„]"
w here
2n' = L + T + A + 2k' + 3. (C69)
a
The m atrix  element is
X Z <1 L . i ' l ' i a  (i 0 i '0 |a 0 )  (A 0l'0 |a0)
I i' . b b a a b“^a a a a a a a
I L TA A 
a a
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aX i ^ n ' - i y . l   ^ ^ JHL (AOlOIL 0)
X Z  ( l  m L M- m J m) ( l  m Aw' - m I j ' m ' )  ( A m- iti Irrr I L m ' - iti ) .  
m,  a  l a  a  1 a  a  l a  l a  '  l a  a  l ala
(C70)
The fin a l ta sk  is  to  show th a t  in  (C47) and  (C67), th e  
ity  is
From (C17) -  (C19),
q u an t  p o s itiv e , a  cond ition  on which (B46) depends.,_
Thus, th is  q u an tity  is  e i th e r  zero o r p o s itiv e . From th e  
Jaco b i-co o rd in a tes  in te r - re la t io n s  in  C hap ter 7, i t  i s  o b se rv ed  
th a t  0  ^ = 1 always. As v and never van ish , i t  fo llo w s th a t  
indeed, th is  q u an tity  is  p o s itiv e .
Form ula (069) com pletes th e  sp ec ifica tio n  o f th e  d ip o le  
m atrix  elem ent. I t  is  c le a r  from (014) how e x p re ss io n s  (047) and  
(069) a re  combined to  o b ta in  th is  q u an tity .
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APPENDIX D -  THE EXPRESSION FOR THE PROBABILITY DENSITY
In th is  appendix, th e  p ro b a b ility  d en sity  is  g iven  w ith  
re sp e c t to  th e  coord inates r  and R . The most u se fu l v a lu e  o f cc c
is  3. With th e  value of r^ f ix ed  and th e  an g u la r dependence 
elim inated  by in teg ra tio n , th e  ex p ress io n  fa c il i ta te s  th e  s o r t  of 
p lo t which is  fam iliar from  th e  tre a tm e n t of th e  hydrogen  
m olecular ion in th e  fram ew ork of th e  B orn-O ppenheim er 
approxim ation. A lte rna tive ly , a su rfac e  p lo t can be o b ta in ed  by 
vary ing  bo th  r  and R .
C C
The w avefunction is  e x p lic itly
1 L ^
xft = S c N  r   ^ R  ^ exp(-y r^-A R^)[Y (r  )©Y (R )] (Dl)
JM a a a a a a a a  1 a L a JM
a a
b b
The p ro b ab ility  d en s ity  is
X [Y, ( ; j 0Y^ (R ,) ]1 [Y , (r^)®Y^ ( R ,) ] , ,  • (D3)
a a b . b
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On using  th e  Raynal tran sfo rm atio n  (B4) tw ice to  change from 
co o rd in a tes  b and a to  c ,  th e  re su lt  is
\ip ( - 1 ) ^  ZZ Z Z c * c  N  N  <1 L j |  1 L TJ> .
JM , , ,  a b a b a a  c c  a “^c
1 L T 1 L T 
c c c c
1 +L +1 +L - T - T ' T + t ’
X <1 L j I 1 ' l ' t ' j >  . r   ^ a b b .  ^  exp(-TT)r^-ÇR^)
b b c c b~^c c c , c c
X Xdfl'dnr exp(-2Çr .R )[Y, (r  )®Y (R )]* [Y, , ( r  )®Y ,(R )] ... ,r  R c c l c L c  JM 1 c L c  JM
c c c
(D4)
w ith  Tf), < and Ç given by exp ressions (B16), (B17) and (B18). On 
using  re la tio n  (B19) fo r  th e  ex p o n en tia l fu n c tio n  in  th e  
in teg ran d , th e  p ro b ab ility  d ensity  becomes
U  |^= (-l)^4rr ZZ Z Z Z c*c N N <i l j | i l t j > .
JM a b a b a a  c c  a~^c
1 L T 1 L T A 
c c c c
^ 1 +L +1 +L - T - T *  ,
X <1 L j | i ' l ' t ' j >  . a r   ^ ® R  ^ exp(-7?r -<R )
b b c c  b”^ c c c c c
X 5 l^2€r R I  S à ü ~ ^ \ [ Y  , ( r  )®Y / R  y  ^£Y , ( r  )®Y J R  y JM
The in te g ra l over th re e  sp h e rica l harm onics is  given by  (B24) and 
when th is  exp ression  is  in se rte d  in  (7.115), th e  p ro b a b ility  
d en s ity  assum es th e  f in a l form.
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,J'^=  (-1)'^ ZZ Z Z Z c*c N N <1 L j | i  L T J >  .
JM I l T i ' l ' t ' A  a  b a  b a  a  c c  a " ^ c
c  c  c  c
1 + L +1 +L —T —T* I
X <1 L J  I 1 ' l ' t ' j > . J, a  a  b b exp(-Tîr^-ÇR^)
b b c  c  b“^c  c  c  c  c
X 5.(2Çr R ) 1 L i ' l ' (i Oi 'oIaO) ( l 0 l ' 0 | a 0 )  W(i i ' l l ' ; A j ) .
A c  c c c c c c c  c c  c c c c
(D6)
The ex p ress io n  (D6) is  unnorm alised; th e  n o rm a lisa tio n  is  
ca lcu la ted  from form ula (7.54).
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